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Abstract. We prove some refined asymptotic estimates for postive blowing 

up solutions to Aw+ew = n{n—2)u "-^ on f2, di,u = on 9^2; C being a smooth 
bounded domain of R", n > 3. In particular, we show that concentration can 
occur only on boundary points with nonpositive mean curvature when n = 3 or 
n > 7. As a direct consequence, we prove the validity of the Lin-Ni's conjecture 
in dimension n = 3 and n > 7 for mean convex domains and with bounded 
energy. Recent examples by Wang- Wei- Yan [41] show that the bound on the 
energy is a necessary condition. 



Frederic Robert dedicates this work to Clemence Climaque 
Contents 

1. Introduction 1 

2. bounded solutions 5 

3. Smooth domains and extensions of solutions to elliptic equations 6 

4. Exhaustion of the concentration points 9 

5. A first upper-estimate 16 

6. A sharp upper-estimate 23 

7. Asymptotic estimates in (SI) 38 

8. Convergence to singular harmonic functions 39 

8.1. Convergence at general scale 39 

8.2. Convergence at appropriate scale 44 

9. Estimates of the interior blow-up rates 50 

10. Estimates of the boundary blow-up rates 60 

11. Proof of Theorems 1 and 2 71 
Appendix A: Construction and estimates on the Green's function 73 
Appendix B: Projection of the test functions 84 
References 90 



1. Introduction 

Let fi be a smooth bounded domain of M", n > 2. In [27], Lin, Ni and Takagi 
got interest in solutions u £ C^(ri) to the elliptic problem 

Au + eu = n{n — 2)u'^^^ in Q. 

u > in r2 {Eq) 

d^u = on do. 
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where e > is a parameter and q > 2. Here and in the sequel, A := — div(V) is 
the Laplace operator with minus-sign convention. This problem has its origins in 
the analysis of the Gierer-Meinhardt model in mathematical biology: this model 
is a system of nonlinear evolution equations of parabolic type, and the stationary 
problem with infinite diffusion constant splits into two equations like (Eg). We refer 
to the surveys [31, 43] for the justifications of the model and its simplification. (It 
can also be considered as stationary system to the chemotaxis Keller-Segel model 
with logarithmic sensitivity function. See [27].) 

Problem (Eg) enjoys a variational structure, since its solutions are critical points 
of the functional 

UH^^ / \Vu\'^dx + ^ [ u^dx-- I \u\''dx, 

a functional that is defined for all u G Hf(Cl)r\L'^{Q,), where Hf(Cl) is the standard 

Sobolev space of X^— functions with derivatives also in endowed with the norm 
II • II2 + ||V • ||2- In particular, it follows from Sobolev's embedding theorem that 
Hf{fl) i*(0) continuously in case 2 < < 2* where 2* := (we assume here 
that n > 3): therefore the functional above is defined on Hl{Q) when 2 < g < 2*. 
Moreover, the Sobolev embedding above is compact in case q < 2* . 

The system (Eg) enjoys at least a solution, namely the constant solution u = 

( ra(T?.'-2) ) " ^ • In a series of seminal works, Lin-Ni-Takagi [27] and Ni-Takagi [32, 33] 
got interest in the potential existence of nonconstant solutions to (Eg). In partic- 
ular, it is showed in [32, 33] that for e large and g < 2*, least energy solution 
concentrates at boundary points of maximum mean curvature. It turns out that 
when e is large there exist an abundance of solutions to (Eg). This case has become 
a hot research topic in the last fifteen years. In the siibcritical case q < 2* , we refer 
to Gui-Wei [20], Gui- Wei- Winter [21], Dancer- Yan [7], Lin-Ni-Wei [29] and the ref- 
erences therein. In the critical case q = 2*, we refer to Adimurthi-Mancini-Yadava 
[1], Adimurthi-Pacella-Yadava [2], del Pino-Musso-Pistoia [8], Ghoussoub-Gui [14], 
Gui-Lin [19], Ni-Pan-Takagi [34], Rey-Wei [35], Wei- Yan [42] and the references 
therein. In the present article, we restrict our attention to that case when e > 
is small. In case 2 < q < 2*, variational techniques and the compactness of the 
embedding imply that for small positive e, the constant solution is the sole solution 
to {Eg). This uniqueness result incited Lin and Ni to conjecture the extension of 
this result to the critical case q = 2*: 

Question (Lin-Ni [26]): Is the constant solution the only solution to (£'2*) when 

e > is small? 

The mathematical difficulty of this question comes from the conformal invariance 
of (£'2*) and its associated unstability. Indeed, for > and xq € M", define 

The scalar curvature equation for the pulled back of the spherical metric via the 
stereographic projection (or direct computations) yields AUx„.^ = n{n — 2)J7^^~^ 
in M". Therefore, there is an abundance of solutions to Au = ~^ , some of 
them being peaks blowing-up to infinity since lim^_).o ?7xo,(Li(a;o) = -l-oo: in this 
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sense, the equation is unstable since it enjoys many solutions that are far from each 
other. There are no such solutions in the subcritical case q < 2* (see Caffarelli- 
Gidas-Spruck [6]). This conformal dynamic transfers on the Lin-Ni's problem and it 
follows from the famous Struwe decomposition [39] that families of solutions (we)e>o 
to (-E2*) with bounded energy may develop some peaks like (1.1) when e — )■ 0: more 
precisely, there exists TV e N such that for any i G {1, A'^}, there exists sequences 
(a;i,e)e S M", {iJii,t)i G K>o such that limg_>.o /Xj,e = and, up to the extraction of a 
subfamily, 

N 

where limg^o -Re = in Hf{n). This decomposition is refered to as the integral de- 
composition. When there is at least one peak, then there are nonconstant solutions. 
Conversely, in case there is no peak, elliptic estimates and simple integrations by 
parts (see Section 2) yield the sole constant solution for small e. 

In the radial case, that is when J7 is a ball and when u is radially symmetrical, 
Adimurthi-Yadava solved the problem in [3, 4]: when n = 3 or n > 7, the answer to 
Lin-Ni's question is positive, and it is negative for n G {4, 5, 6}. In the asymmetric 
case, the complete answer is not known yet, but there are a few results. When 
n = 3, it was proved independently by Zhu [45] and Wei-Xu [44] that the answer 
to Lin-Ni's question is positive when V, is convex. When n = 5, Rey-Wei [36] 
constructed solutions to (i?2*) as a sum of peaks like (1.1) for e — > 0. In the present 
paper, we concentrate on the localization of the peaks in the general case. 

Let (eQ,)Q,gN S (0, 1] be a sequence such that 

lim Eq. = 0. 

a—>+oo 

We consider a sequence {ua)aeN € C^(f2) such that 
Aua + SaUa = n{n - 2)u^*~^ 

Ua > 
d„Ua = 

We assume that there existe A > such that 

/ M^* dx < A 
Jn 

for all a e N. 

Definition 1. We say that x £ ^ is a non-singular point of (u«) if there exists 
S > and C > such that 

\\Ua\\L°^(Bs{x)nn) < C 

for all a G N. We say that x € is a singular point if it is not a non-singular 
point. 

The singular points are exactly the points where the peaks are located. In the 

sequel, H{x) denotes the mean curvature at x G dft of the canonically oriented 
boundary dVl. With our sign convention, the mean curvature of the canonically 
oriented boundary of the unit ball is positive. We prove the following theorem: 



in Q 
in O 
on dfl 



(1.3) 



(1.4) 
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Theorem 1. Let {ua)aGN S (7^(0) and e > such that (1.3) and (1.4) hold. Let 
S denote the (possibly empty) set of singular points for (««). Assume that n = 3 
or n>7: then S is finite and 



As a consequence, we get the following: 

Theorem 2. [Lin-Ni's conjecture for mean convex domains] Let be a smooth 
bounded domain o/R", n = 3 or n > 7. Assume that H{x) > for all x e 9f2. 
Then for all e > 0, there existe eo(fi, A) > such that for all e G (0, eo(0,A)) and 



The method we use to prove Theorem 1 relies on a sharp control of the solutions 
to (1.3) in the spirit of Druet-Hebey-Robert [12], our first result being that (see 
Proposition 5 and (7.3) in Section 7) 



where Ua is the average of Ua on fl and the peaks are as in Struwe's decomposition 

(1.2) . In particular, we pass from an integral description to a pointwisc descrip- 
tion. As in Druet [9] (see also Ghoussoub- Robert [16] and Druet-Hebey [11]), this 
pointwisc; dciscription allows us to determine exactly where two peaks may interact, 
and to describe precisely the behavior of Ua there. The localization of the singular 
points then follows from a succession of Pohozaev identities. 

These results appeal some remarks. In dimension n = 3, our result must be com- 
pared to Zhu's result: in [45], no bound on the energy is assumed, but the convexity 
is required; in our result, we require the bound on the energy, but a weak convexity 
only is needed. The assumption on the energy (1.4) may seem technical for who is 
familiar with the Yamabc equation: indeed, in general, see Druet [10], Li-Zhu [25], 
Schoen [38] and Khuri-Marques-Schoen [24] , any solution to the Yamabe equation 
automatically satisfies a bound on the energy like (1.4). For the Lin-Ni's problem, 
this is not the case: recently, it was proved that solutions to (i?2*) may accumulate 
with infinite energy when the mean curvature is negative somewhere (see Wang- 
Wei- Yan [40]) or when is a ball (see Wang- Wei- Yan [41]), a domain with positive 
mean curvature: therefore, the answer to Lin-Ni's question is negative if one does 
not impose the bound (1.4). 

The influence of curvature is reminiscent in the asymptotic analysis of equations like 

(1.3) . For instance, in Druet [9, 10] and in Li-Zhu [25], it is proved that for Yamabe- 
typc equations, the peaks are located where the potential of the equation touches 
the scalar curvature; we refer to Hebey-Robert-Wen [23] and Hebey-Robert [22] 
for the corresponding localization for fourth-order problems. In Ghoussoub- Robert 
[15, 16], that is for a singular Dirichlet-type problem, the peaks are located where 
the mean curvature is nonnegative: in Theorem 1 above, that is for a Neumann 
problem, we conversely prove that the peaks are located at points of nonpositive 



Sc{xe dn/H{x) < 0}. 



for any u & 



(Q), we have that 





(1.5) 
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mean curvature. For Neumann-type equations like (1.3), tlie role of the mean 
curvature has been enlighted, among others, by Adimurthi-Maneini-Yadava [1], 
Lin- Wang- Wei [28], Gui-Lin [19], Ni-Pan-Takagi [34], Rey-Wei [35] and Wei-Yan 
[42]. 

The present paper is devoted to the asymptotic analysis of solutions {ua)a of (1.3) 
satisfying (1.4) when n > 3. In Sections 2 to 7, we prove the pointwise control 
(1.5). Section 8 is devoted to the convergence of the {ua)a's at the scale where 
peaks interact. In Sections 9 and 10, we prove an asymptotic relation mixing the 
heights of the peaks, the distance between peaks and the mean curvature. Finally, 
we prove Theorems 1 and 2 in Section 11. 

Notations: in the sequel, we define M" := {{xi,x') £ M"/ Xi < 0} and we assim- 
ilate dW^ = {{0,x')/x' e M"-^} to ]R"-^ Given two sequences {aa)a e M and 
{ba)a G ]R, we say that >i ba when a. — > +oo if — 0(6^) and ha = 0{aa) 
when a — ?• -l-oo. For U an open subset of R", k £ N, k > 1, and p > 1, we define 
Hl{U) as the completion of C°°{U) for the norm YlLi ll^ilp- 
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gratitude for his friendly support in April 2010. F.Robert was partially supported 
by the ANR grant ANR-08-BLAN-0335-01 and by a regional grant from Universite 
Nancy 1 and Region Lorraine. The research of J. Wei is partially supported by RGC 
of HK, HK/France Joint Grant, and "Focused Research Scheme" of CUHK. 

2. L°° -BOUNDED SOLUTIONS 

Let il C K" be a smooth domain (sec Definition 2 of Section 3 below), n > 3. 
We consider a sequence ( 

^")aeN positive solutions of 
Aua + CaUa = n{n — 2)u^ ~^ in Q 

Ua>0 in Q (2.1) 

dvUa = on dO, 

We assume in the following that 

/ u^dx<A (2.2) 
in 

for some A > 0. We claim that 

Ua ^ weakly in (O) as a — >■ -|-oo. (2.3) 

We prove the claim. Indeed, after integrating (2.1) on SI, it follows from Jensen's 
inequality that 



l^u^dx) <^\1<-Ux 



mJn J - Nin " n(n -2)|n| 

for all a € N. Then, we get that 



< (2.4) 

\n[n — 2) / 

for all a e N, where, given Ua '■= -py /q ""a dx denote the average of on Vl. 
Multiplying (2.1) by Ua and integrating on il, we get that (ua)a is bounded in 
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Hl{il). Therefore, up to a subsequence, {ua)a converges weakly. The convergence 
(2.3) then follows from (2.4). This proves the claim. 

We prove in this section the following: 

Proposition 1. Assume that the sequence (ua)^^ is uniformly bounded in L°° (O). 
Then there exists ao > such that Ua = ^ „(^" 2) ) * /^'^ 0,^^ a> ao. 

Proof of Proposition 1: Assume that there exists M > such that < M in f2 
for all a > 0. By standard elliptic theory (sec Theorem 9.11 in [17] together with 
Theorem 6 of Section 11), we deduce then thanks to (2.3) that — >■ in L°° (O). 
Multiplying equation (2.1) by — Ua («« is the average of defined above) and 
integrating by parts, we then get that 

/ \\/Uaf dx + ea / {Ua — Ua)"^ dx 

JQ Jn 

= n{n — 2) / ~^ {ua — Ua) dx 
Jn 

= n{n - 2) / (ua~^ - ('"a - Ua) dx 

= (ll""llL~^ + ^a~^) / {Ua-Uaf dx 



= O ( / [Ua — Ua)^ dx \ = oi I |VUc«|^ dx 



when a +00 thanks to Poincare's inequality. This yields |Vua|^ dx = for 
a large and thus Ua is a constant for a > ao for some ao > 0. The constant is 

n-2 

easily seen to be (^ n(n^2) ) * thanks to equation (2.1). This ends the proof of 
Proposition 1. □ 
For the rest of the article, we assume that 

]im lkalL=+oo- (2-5) 

Under this assumption, the sequence (ua) will develop some concentration points. 
In sections 4 to 7, we provide sharp pointwise estimates on Ua and thus describe 
precisely how the sequence (u„) behaves in (fi). In section 8 to 10, we get 
precise informations on the patterns of concentration points which can appear. 
This permits to conclude the proof of the main theorems in section 11. 

3. Smooth domains and extensions of solutions to elliptic equations 

Wc first define smooth domains: 

Definition 2. Let be an open subset o/M", n > 2. We say that fl is a smooth 
domain if for all x £ dCl, there exists > 0, there exists Ux an open neighborhood 
of X in M", there exists : -85^(0) — >■ Ux such that 

(i) if is a C°° — diffeomorphism 

(a) (p{0) = X 

{Hi) ip{Bs^ (0) n {xi < 0}) = ifiBs^ (0)) n f2 

(iv) <p{Bs, (0) n {a;i = 0}) = ip{Bs, (0)) n dil 
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The outward normal vector is then defined as foUows: 

Definition 3. Let fl be a smooth domain o/M". For any x G dfl, there exists a 
unique i'{x) G M" such that vlx) G (T^dQ)-^, Wi'ix)]] — 1 and (9i</j(0), ^{x)) > for 
(fi as in Definition 2. This definition is independent of the choice of such a chart 
and the map x i->- i'{x) is in C°°{dQ,M."). 

Let n be a smooth bounded domain of R" as above. We consider the following 
problem: 

If^n "So (3-1) 
1^ o^u = m oil ^ ^ 

where u E C^(f7) and / € C"(f7). Note that the solution u is defined up to the 
addition of a constant and that it is necessary that J^fdx = (this is a simple 
integration by parts). It is useful to extend solutions to (3.1) to a neighborhood of 

each point of dCl. For this, a variational formulation of (3.1) is required: multiplying 
(3.1) hy tp E C°°( fl) and integrating by parts leads us to the following definition: 

Definition 4. We say that u e HliP) is a weak solution to (3.1) with f £ L^(f2) 
if 

I (Vu,VV')da;= / f dx for all E C°° (n) . 
Jo, Jq 

In case u € C^{n), as easily checked, u is a weak solution to (3.1) iff it is a classical 
solution to (3.1). 

We let ^ be the standard Euclidean metric on R" and we set 

( n: R"- -S- R" 

\ {xi,x') ^ (-|a;i|,a;') 

Given a chart f as in Definition 2, we define 

■K^ := if ojt o ip~^. 

Up to taking Uxg smaller, the map tt^ fixes fl O and ranges in O. We prove the 
following useful extension lemma: 

Lemma 1. Let xq G dfl. There exist Sxg > 0, Ux„ and a chart ip as in Definition 
2 such that the metric g := fr*^ = {(pojro (p^^)*S, is in C^'^{Ux„) (that is Lipschitz 
continuous), g^Q = ^, the Christoffel symbols of the metric g are in L°°{Uxo) '^'^^ 
di^Q is an orthogonal transformation. Let u G Hl{fl n Uxg) and f G L^{Qr\ Ux^) be 
functions such that 

[ (Vu, VV') dx= I fjp dx for all ij) G C^iTi n i7^J. (3.2) 
Jo, Jn 

For all V : ClD — >■ R, we define 

V —vow^ in Uxo- 
Then, we have that u G Hl{Uxo), U|n =u, f G L^{Uxo) ^''^'^ 
AgU = f in the distribution sense, 

where Ag := —diVgCV). 
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Here, by " distribution sense" , we mean that 

/ (Vu, VV')§ dv~g = [ /> dvg for all V G (U^o), 

where dVg is the Riemannian element of volume associated to g and (•,•)§ is the 
scalar product on 1— forms. 

Proof of Lemma 1: Given a chart (p at xq defined on (0) as in Definition 2, we 
define the map 

\ {x-L,x') ^ x-iv{(p{Q,x')) + (p{Q,x') 

The inverse function theorem yields the existence of > and Uxa C M" open 
such that If : Bg^^ (0) — >■ Uxq is a smooth diffeomorphism being a chart at as in 
Definition 2. Moreover, the pull-back metric satisfies the following properties: 

In particular, up to a linear transformation on the {xi = 0} hyperplane, we can 
assume that dipo is an orthogonal transformation. It is easily checked that {{(p o 
= outside {xi = 0} for all and then we prologate {(fojt)*^ as 

a Lipschitz continuous function in Uxq, and so is g := {ip o jt o (p~^)*^. In addition, 
as easily checked, if Tf^ 's denote the Christoffel symbols for the metric g, we have 
that r^^- € L°°. Therefore, the coefficients of Ag are in L°° and the principal part 
is Lipschitz continuous. 

We fix V' € C^{Uxo)- For convenience, in the sequel, we define n := n^^^n, that is 

( TV : Wl 

\ {xi,x') ^ {-xi,x'). 
Clearly, tt is a smooth diffeomorphism. As for n^, we define 

that maps (locally) to 0. With changes of variable, we get that 

/ {Vu,Vi})~gdv~g= j (V«, V(^ + VoTT"^ o(^-i))da; 

and 

/ Jip dv-g = fi^ + ^oTT-'^) dx. 

It then follows from (3.2) that A^u = / in Uxo in the distribution sense. This ends 
the proof of Lemma 1. □ 

In the particular case of smooth solutions, we have the following lemma: 

Lemma 2. Let xq G dfl. There exist 6xo > 0, Uxg and a chart if as in Definition 

2 such that the metric g := (</? o tt o (f>~^)*S, is in C'^'^{Uxa) (that is Lipschitz 
continuous), g\a = ^, the Christoffel symbols of the metric g are in L°"{Uxo) ^'^d 
d(po is an orthogonal transformation. We let u G C^{fir\ Uxo) ^-''^^ / G Cl^^{R) 
be such that _ 

( Au = f{u) in fin Uxo 

\ dvU = in dfl fl Uxo 
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and we define 

u := uo ip OTT o ip~^ inUxa- 
Then, in addition to the regularity ofg, we have that 

u e C'^{Uxa), W|n = u and Agii = f{u) for all x e U^a, 
where Ag := —diVg{W). 

4. Exhaustion of the concentration points 
We prove in this section the following : 

Proposition 2. Let ('Ua)aeN € C^(f2) and A > such that (1.3) and (1.4) hold 

for all a G N. Then there exists N G N*, N sequences {xi,a)^^-^ ^ of points in CI 
and N sequences jii^a > At2,a > • • • > A*jv,a of positive real numbers such that, after 
passing to a subsequence, the following assertions hold : 

(i) For any 1 < i < N, Xi^a Xi as a ^ +oo for some Xi G fl and fXi^a — as 
a — )• +0O. Moreover, either ''^'^''"'^^^ — )• +oo as a ^ +oo or Xia € dQ. 

(ii) For any 1 < i < j < N , 

' ^ ' ^ ^ +00 as a ^ +0O . 



l^i.a^j.a l^i,ot 

(Hi) For any 1 < i < N, we define 

Ui,a ■■= fJ-i a "a {Xi,a + lJ-i,a ■ ) «/ Im ' = +00, 

and 

71-2 

Ui,a ■= Mi,a Uo:°^ (v~ {Xi,a) + Mi,a • ) Xi,a S dCl for all a G 

where Ua is the extension ofua around xq ■= limQ,_>.+oo Xi^a o,nd are as in Lemma 
2. Then 

for all compact subsets CC M" \ Si if x.^^ ^ dQ and CC M" \ {S, U 7r-i(<Si)) 
*/ Xi^a € 9fl where the function Uq is given by 

Uo{x) := {l + \xfy-^ 

and Si is defined by 

T Xj a Xi (x • ^ i\T [ 

lim — —, I < J < N > . 

In the definition of Si, we allow the limit to be +00 (and in fact, we discard these 

points). 

(iv) We have that 

N 

_i — '2 

Ro 

where 



Y^Ui^c 



1=1 



in L°° (ri) as a +00 



Ra{x) := min J \xi^a - xf + l^-h 

l<i<N V ' ' ' "^''f 
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and 



Proof of Proposition 2: For iV > 1, we say that property holds if there exist A'' 
sequences (a;^,^).^^ of points in Q and N sequences > /X2,a > • • • > A*Af,a 
of positive real numbers such that, after passing to a subsequence, assertions (i)- 
(ii)-(iii) of the claim hold for these sequences. We divide the proof of Proposition 

2 in three steps. 

Step 2.1: We claim that there exists Nmax > 1 such that {Pn) can not hold for 

N > Nmax. 

Proof of Step 2.1: Let A?" > 1 be such that [Vn) holds. Let (a;,,^).^^^ a, be A/' 
sequences of points in M and jii^a > t^2,a > ■ ■ ■ > lJ'N,a be A'' sequences of positive 
real numbers such that the assertions (i)-(ii)-(iii) of Proposition 2 hold after passing 
to a subsequence. Let i? > and set 

Q.i,cc {R) = Br^,^^ {Xi^a) \ U B^^.^^ {Xj^oc) ■ 

It easily follows from (ii) that 



i<j<N 



fii^c. (R) n {R) 
for a large enough. Thus we can write that 

N 



/ w^* dx > y2 / ^a* 



for a large enough. It follows then from (iii) that 

TV /■ 

ul dx>— [/2 dx - T]{R) + o(l) 

where ri{R) — >■ as i? — >■ +cxd. Letting R — >• +oo and thanks to (2.2), we then get 
that 

2A 

N < ; . 

This ends the proof of Step 2.1. □ 

Step 2.2: We claim that Vi holds. 

Proof of Step 2.2. We let Xa ^Clhe such that 

Ua {Xa) = maxu„ (4.2) 

Q 

and we set 

Ua (Xa) ^ fJ-a " ■ (4.3) 

Thanks to (2.5), we know that ^ as a — > +00. We set 

Va (x) := /ia ^Ua (Xq + flaX) (4.4) 

for X ^ ila — {x E K" s.t. Xa + i^aX G Vl} . It is clear that 

Ava + CaMa^a = n{n - 2)t>^ in fia 
with dvVoi = on and 

< t^a < l'a(O) = 1 in Q,a ■ 
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Step 2.2.1: we assume that 

lim — ^-^^ ^ = +00. (4.5) 

a->-+c!o fj,^ 

It follows from standard elliptic theory (see [17]) that, after passing to a subse- 
quence, 

V in Cfoc (IR") as a +oo 

where v e C2(R") is such that 

Av = n(n- 2)^2*-^ 

and 

< u < v{0) = 1 . 

By the classification result of Caffarelli-Gidas-Spruck [6], we then get that v = Uq. 
This proves Vi in case (4.5). This ends Step 2.2.1. 

Step 2.2.2: we assume that there exists p > such that 

lim (4.6) 

a-s-+oo jj,^ 

Wc let xq := limc(^_|_oo Xa- We then have xq G dfl and we choose (p and > 0, 
as in Lemma 2. Let 6 G (0, S^q)- Denoting by Ua € C'^{Uxo) the local extension 
of Ua on with respect to ip, we then have that 

AgUa + e^Ua = Ma in Uxa- (4.7) 

Since d</5o is an orthogonal transformation, we have that 

d{^{x),d^l) = {l + o{l))\x^\ (4.8) 

for all X G i?5(,(0)nM" , where lima:_>.o o(l) = uniformly locally. We let (xa,i,x[^) € 
{xi < 0} X M""^ be such that Xa ■= ifiixa^ijx'^) for all a e N. It follows from (4.6) 
and (4.8) that 

lim \^=p. (4.9) 

We define 

Va{x) := Ua{ip{{0,x'a) + Hax)) for all X e ^5/^^(0). 

It follows from (4.7) that 

Agja + Cal^lva = n{n - 2)i;f in Bs/i,^ (0), (4.10) 

where ,9„(.t) = {(p*g){{0,x'^)+ Hax) = {{ip~'^ on)*S,){{0,x'^)+ ^ax). Since < Va < 
VaiPa^O) = 1 and (4.9) holds, it follows from standard elliptic theory (see Theorem 
9.11 in [17]) that there exists V G C^{W) such that 

lim Va = VmCUW^), (4.11) 

a— ^+oo 

where < 1^ < V(p, 0) = 1. Passing to the limit a — >■ +oo in (4.10) and using that 
dipo is an orthogonal transformation, we get that AV = n{n — 2)V'^ ~^ weakly in 
M". Since V e C\W), one gets that V € C^{W^) and it follows from Caffarelli- 
Gidas-Spruck [6] that 
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for all X G R". The Neumann boundary condition di,Ua = rewrites diVa 
9R" . Passing to the Hmit, one gets that SiF = on 9M" , and therefore p ■ 
V =Uo- In particular, we have that 



= on 
and 



lim 



0. 



a->+oo jUq, 

Taking (p(0,x'^), wc can then perform the above analysis of Stop 2.2.2 with 

Xa € dfl instead of Xa- This proves Vi in case (4.6). This ends Step 2.2.2. 

Steps 2.2.1 and Step 2.2.2 prove that Pi holds. Step 2.2 is proved. □ 

Remark: For Vi, we can be a little more precise and prove the following claim: 

Xa G 5fi for a G N large. (4.12) 

We prove the claim by contradiction and assume that ^ O for a subsequence. 
Define pa ■= Then p^, < for a large. Since (pa,0) is a maximum point of 

Va, we have that diVa{pa,0) = 0. Since diVa(0) = (Neumann boundary condi- 
tion), it then follows from RoUe's Theorem that there exists G (0, 1) such that 
diiVaiTaPaj(>) = 0- Letting a — >■ +00, we get that 5iiC/o(0) = 0: a contradiction. 
This proves the claim. 

Step 2.3: Assume that Vn holds for some N >1. Let {xi^a)i=i ^ sequences 

of points in Q and /ii.Q, > p2,a ^ • • • ^ P-N.a be N sequences of positive real numbers 
such that assertions (i)-(ii)-(iii) of the claim hold. We claim that if assertion (iv) 
of Proposition 2 does not hold for this sequence of points, then Vn+i holds. 

Proof of Step 2.3: We assume that (iv) does not hold for these sequences. In other 
words assume that there exists eo > such that 



max Ra' 
a \ 



N 

E 

i=l 



for all a G N where 



and 



min (\xi 

l<i<N^' 



(4.13) 



P'i,a 



We let t/« € be such that 



max 
n \ 

and we set 



Ro 



N 



= Ra {VocY 



N 



Step 2.3.1: We claim that 

n — 2 

Ra iVa) ^ Ui^a (Va) ^ as a ^ +00 for all 1 < ^ < A/" . 
Indeed, assume on the contrary that there exists 1 < i < N such that 

n-2 



(4.14) 

(4.15) 

(4.16) 
(4.17) 
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for some 770 > 0. This means that 

^^^^ >vf^ (^+ . (4.18) 

Since Ra {Vaf' < IVa ~ 1^ a' ^® S®* particular that, up to a subsequence, 

1^"""^''"' ^ E as a ^ +00 (4.19) 
for some > 0. Coming back to (4.18), we can also write that 

^^^V^ + 4^ >%'^ + 0(1) (4-20) 

for all 1 < j < iV. These two equations permit to prove thanks to (ii) of Proposition 

2 (which holds by assumption) that > 7?o""^ (l + R^) + o(l) for all i<j< 

N. Thus 



lim y^-j^^Si 

and we use (iii) of Proposition 2 to get that 

n-2 

as a — )• +00. Since Ra (ua) = O {^i,a), we thus get that 

n-2 

Ra iVa) ^ \Ua iVa) - Ui,a {Va)] 

as a — )• +00. Let 1 < j < N, j ^ i. We write now that 

Ra {ya) C/.> {ya)^^ = O (^^(l + | = o(l) 

thanks to (4.19), (4.20) and assertion (ii) of Proposition 2. Thus we arrive to 



Ra {ya)' 



N 



{ya)-^Ui,a (ya) 



i=l 







as a — >■ +0O which contradicts (4.17) and thus proves (4.16). This ends Step 2.3.1. 
Note that, coming back to (4.13), (4.14), (4.15) with (4.16), we get that 

Raiya) >gn^+o(l), (4 21) 

^a 

Step 2.3.2: We claim that 

Ua ^ as a ^ +00 . (4.22) 

Wc prove the claim. If Ra (ya) —J- as a —J- +oo, then (4.22) follows from (4.21). 
Assume now that Ra (Va) > 2^o for some So > 0. Using (4.14) and (4.16), we get 
that 

Ua < 2^Ua (ya) + o(l) 

in Bsg{ya) fl for a large enough. If Ua{ya) — +oo when a — )• +oo, then (4.22) 
holds. If Ua (ya) = 0(1), we then get by standard elliptic theory (sec [17] and 
Lemma 2) and thanks to (2.3) that Ua (ya) — >■ as a — +oo, which contradicts 
(4.21) since O is a bounded domain. This proves (4.22) and ends Step 2.3.2. 
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Note also that (4.16) directly implies that 



for all 1 < i < A''. We set now 



+0O as a ^ +0O 



in Vta := {a; e M" s.t. xja + faX S O}. We then have that 
in 0^ and d^Wa = on dO-a- We define 



(4.23) 

(4.24) 
(4.25) 



S :-- 



lim — — , 1 < i < N s.t. \xi_a — Va] = O [va) and /x^ „ = o (i'q) . 



Let us fix K CC M" \ <S a compact set. We note that, thanks to (4.16) and (4.14), 

Tl-2 

' Ra iUa + VaxY 



Woe (X) < 1 + 0(1) 



(4.26) 



Ra iVa) 

for all a; S n Qq,, where limQ,_).+oo sup^pQ^ o(l) = 0. Let Za G -Bii(O) fl \ 
Ua;es-^fl~^(^) some > fixed. 
Step 2.3.3: We claim that 

W'a(^a) = 0(l) • (4.27) 

We prove the claim. It is clear from (4.26) if 7^ as a — >■ +00. Assume 

now that 

Ra iVa + 



^ , , , as a — ^ +00 . 

RoL KVot) 

Up to a subsequence, we let 1 < ? < iV be such that 

Ra iUa ^" ^a^a) — |a^i,a Ua ^a^a\ ~t~ /^i,a ' 

We then write thanks to (4.28) that 



(4.28) 



which implies that \xi^a — Va] = O (f^) and that /i,,c« = o (va)- This leads to 

2 



Va 



as a — > +00 



which is absurd since, thanks to the definition of <S and to the fact that d {za,S) > 



Xi.a - Va 



Zr 



> 



1 

2R 



for a large. Thus (4.27) is proved. This ends Step 2.3.3. 
Thanks to (4.21), we easily get that € Via \ S. 
Step 2.3.4: Assume first that 

lim ^(^"'^^)=+oo. 

a— )-+oo l/fy 
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It follows from Step 2.3.3 that {wa)a is bounded in L°° on all compact subsets of 
M" \S. Then, by standard elliptic theory (see [17]), it follows from (4.25) that, 
after passing to a subsequence, 

^ wo in Cl, (R" \ S) 

where wq satisfies 

A^wq = n{n — 2)'w1 ~^ 
in 1R"\5 and Wo(0) = 1- Noting that, since {ua) is uniformly bounded in (O), we 
have that wq G Hfi^^ (IR"), we easily get that wq is in fact a smooth solution of the 

above equation and that, by Caffarelli-Gidas-Spruck [6], wq{x) = X^^Uq {Xx + xq) 
for some A > and some xq e M". If we set 

XN+l,a ■= Va - -^Xq 

and 

MJV+1,q = X~^Voi , 

it is easily checked that, up to reorder the concentration points such that the se- 
quence of weights is non- increasing, assertions (i)-(ii)-(iii) of Proposition 2 hold for 
the A'' + 1 sequences (ajj^a, Mi,a)i=i jv+i- Here one must use in particular (4.23) 
to get (ii). This ends Step 2.3.4. 

Step 2.3.5: Assume now that 

hm ^Sy^=p>0. 

a— f+oo 

One proceeds similarly, using the extension Ua of Ua as in Lemma 2 as was done for 
Step 2.2.2. More precisely, let j/o '■= limQ^+oo Va G dfl. We choose Lp and Sy„ > 0, 
Uyg as in Lemma 2. Let 6 S (0, dy^). Denoting by Ua € C'^{Uy^) the local extension 
of Ua on Uyg , we then have that 

AgUa + eaUa = ~^ in Uyg. (4.29) 
As in Step 2.2.2, we let ya ■= ^{ya,i,y'a) and we have 

We define 

Va{x) := i^a^ Ua{ip{{0,y'a) + i^axj) for all X e Bs/^^{0). 
It follows from (4.29) that 

Ag^Wa + (^av'iwa = n{n - 2)w;^*~^ in Bs/t,^{0), (4.30) 
where ga{x) = {ip*g)({0,y'J + Vax) = {{ip-'^ o jt)*^){{0,y'J + v^x). We define 

i — {ie {1, N} S.t. \Xi^a -ya\=0 (l/a) and /Lti,a = O {Va)} 

and 

We let K C K" \ (s U 7r"^(5)^ a compact set. Here, (4.27) rewrites < wdx) < 
C{K) for a\\ X & K r\WL. The symmetry of Wa yields 

< Waix) < C{K) for all a; e ii' and all a > 0. 
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We are then in position to use elliptic theory to get the convergence of Wa in 
CL(I^" \ ("^ U 7r-i(5))), and the proof goes as in Step 2.3.4. This ends Step 2.3.5. 

Proposition 2 follows from Step 2.1 to Step 2.3. Indeed, Step 2.2 tells us that Vi 
holds. Then wc construct our sequences of points and weights thanks to Step 2.3. 
Thanks to Step 2.1, we know that the process has to stop. When it stops, (i)-(iv) 
of the claim holds for these points and weights. This proves Proposition 2. □ 

5. A FIRST UPPER-ESTIMATE 

We consider in the following the concentration points (xj^a) Mi,a)i<j</^ given by 
Proposition 2. We recall that they are ordered in such a way that 

Ml, a > • • • > MiV.a 

and we shall denote in the following = Hi, a- Let us fix some notations and make 
some remarks before going on. We let 



S := < lim Xia, 'i-<i<N} (5.1) 

I a— )-+oo ' J 

where the limits do exist, up to a subsequence. For 6 > small enough, we let 

Va {S) = _ sup Ua ■ (5.2) 
nn{d{x,s)>2S} 

Thanks to Proposition 2 (iv) and to standard elliptic theory (see Theorem 9.11 of 
[17]), we get that 

ria (S) ^0 as +oo for all 5 > . (5.3) 
Note that, as a consequence of (iii) of Proposition 2, there exists C > such that 

Jn 

while 

~^ dx = Ca Ua 



thanks to equation (2.1). This proves that 

n-2 

Ha^ = O (e^Ua) = O {Ua) (5.4) 

when a — >■ +00. At last, we fix iio > such that 

R 

for any 1 < i < N , \x\ < — for all x G Si (5.5) 
where Si is as in Proposition 2, (iii). And we let 

ra (x) := \xi,a ~ x\ . (5-6) 

We prove in this section the following : 

Proposition 3. There exists Ci > and some sequence /3a ^ as a ^ +00 such 
that 

\Uaix) - Ua\ < CiHa" Ra {x) + Pa^a (5.7) 

for all X G Cl and all a> 0. 
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Proof of Proposition 3: We divide the proof in two main steps. We start by proving 
the following : 

Step 3.1: We claim that for any < 7 < 5, there exists Ay > 0, 5-y > and 
> such that 

for all a > and all a; e f2 \ Uili Br^ij,^ ^ (xi^a)- 

Proof of Step 3.1. We divide the proof in two parts, depending whether we work 
in the interior of Q or near its boundary. Let < 7 < ^ . We define 



^^{x, y) := \x - for bO. x,y &WL, x 



y- 



step 3.1.1: We fix € and we let > such that Bsg{xo) CC 0. We claim 
that there exists i?^ > such that 

u„{x) < (M?'^'-'^V„(a;)(2-")(i-7) + r,^ (^^) r„(a;)(2-")7) (5.8) 



for all a > and all x € Bs^{xo) \ IJ^^^ B^^f^. ^ {xi,a)- 
We prove the claim. We let 

n-2 ^ ^ 

VjA^) = /"^^^"^^^ ^7 {Xi,a,x) + rja (d) ^ $1-7 {Xi,a,x) (5.9) 
i=l i=l 

where and $1-7 are as above and S > will be chosen later on. We let 
Xa e Bsg{xo) \ Uili Biiij,. ^{xiA be such that 

sup = r . (5.10) 

In particular, Xa € SI. 

Wc claim that, up to choose 6 > small enough and R> large enough, we have 
that 

a^a e 9 Bij^,^(a;i,a)^ ovra{xa)>S (5-11) 
for a > small. We prove (5.11) by contradiction. We assume on the contrary that 

Xa^d Br^. ^ {xi,a)^ and ra (xa) < S (5-12) 

for all a > 0. Since Xq, € f2, we write then thanks to (5.12) and the second order 
characterization of the supremum (5.10) that 

AUg (Xg) ^ Aify^a (Xg) 
Ug {Xg^ '^y,a {Xg^ 

Thanks to (2.1), we have that 

Aug (xg) o\ ^ \2*-2 
— r- < n{n - 2)ug {Xg) 

Ug \Xg) 
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which leads to 



9^7, a (^a) 

Direct computations yield the existence of > such that 

(A) < |a; - y|("-2)(i-T) < for all x, y G M", a; 9^ y. 

(B) %7^>:p;k-yr'-^7forall x,y€n,xy^y. 
Let us write now thanks (5.14) that 

i=l 

JV 



(5.14) 



•^z,a -^a I ^1— 7 (•^i,a7 '^a) 

i=l 

n-2 ^ 
D^fXoc ^ ^ ^7 (^i,a? ^g) 

i=l 

AT 

-Di_^r]a (6) E $1-^ (a;i,„, a;a) 

'i=i 

(Dr_\r„ (a;„)-' - NDl_^) ?7„ (5) r„ (a;^)-^" 



+ 



(n-2)(l-7) 
2)7 



We choose S > such that 

> 2ND^^ and D^^^S-"^ > 2NDl_ 
so that, using once again (5.14), the above becomes 

^-2„^(l-27)^ ^-(n-2)(l-7) 



Av?7,c< (Xc) > -D^^ra(Xa) /Xg^ ^ (x^)" 



1 T.-2 ''^ 

i=l 

1 _ _2 ^ 

+ ^-Dri..yr„ (a;a) ^ (<^) ^ *i-7 {xi,a,Xa) 

i=l 

1 _3 _2 

> ^ (max{L'^^,i:'i_^}) ' raiXa) fj,a{Xa)- 



Coming back to (5.13), we thus get that 



ra {Xaf Uoc {Xaf ^ > ^^^^ _ (max{D..^, £'1-7}) ^ . 

Using point (iv) of Proposition 2, it is easily check that one can choose R > 
large enough such that this is absurd. And with these choices of 6 and R, (5.11) is 
proved. 
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Assume that (xa) > 6. Then we have that Ua {xa) < rja {S) so that, thanks to 
(5.14), we get in this case that Ua (xa) = O ((^7, a (xa))- 

Assume that x^ G dBn^^ ^ {xi.a) for some 1 < i < N . Then, up to increase a httlc 
bit R so that R > ARq, Rq as in (5.5), we get thanks to (iii) of Proposition 2 that 

Ua {xa)=0 (/i-" ' ) 

while, using (5.14), 
so that, once again, 

Ua {Xa) = O ((^7, a {Xa)) 

since /Kj^q. < iJ,a- 

Thus we have proved so far that there exists C > such that 

AT 

Ua {x) < Cip^A^) in Bsaixo) \ |J BR^. ^{xiA ■ 

It remains to use point (A) of (5.14) above to prove (5.8) and therefore Step 3.1.1. 
Step 3.1.2: We fix Xq & dfl. Then there exists (^o > such that 

Ua{x) < (/x^^'"'^V„(a;)(2-")(i-7) + ^„ (^^) r«(a;)(2-»)'r) (5.15) 

for all a > and all x G {Bsg{xo) n O) \ (J^^ Br^^. ^ (xi,c«). 

We prove the claim. Indeed, via the extension of Lemma 2, the proof goes roughly 
as in Step 3.1. We only enlight here the main differences. As usual, since xq e dfl, 
we consider Sxg, Ux^ and a chart as in Lemma 2. We let Ua be the C^— extension 
of Ua on '■ it Satisfies that 

AgUc + CaUa = n{n - 2)u^*~^ in f^o- (5.16) 

We let J := {i G {1, N}/ limQ,_,.+(x> Xi^a = xq} and we let (5o > such that 

Bso {xo) C Uxo and |a;,,a - a;o| > 26o for all i e {1, N} \ J. 

For all i G J, we define 

Xi,a := TT^^iXt^a) = (fi O TT^^ O ip^^{Xi^a), 

where 7r{x-i,x') = {—Xi,x') is the usual symmetry. We define 

iPj,a{^) := IJ.^''^~^'^^^{^^{Xi^a,x) + ^j{Xi^a,x)) 
+10, (<5) ^($1-7 {Xi^a,x) + $1-7 {Xi^a,x)) 

ieJ 

XI {Xi^a,x)+Va {S) ^ $1-7 {Xi,a,x) 

where and $1-7 are as above and 6 S (0, 60) will be chosen later on. For the 
sake of clearness, we define 

Wa,R := Bs, {xo)nn \(\J Br^,^^ {XiA U U (ii,a) J . 
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We let Xa G Wcy,R be such that 



sup . 

xEWc.r V"(,a '^7, a \Xa) 

We claim that, up to choose 5 > small enough and R> large enough, 

Xa e S IJ Sfl^,^(Xi,a) U IJ Biif,- ^{x,^a) j Or Ta (Xoc) > 6 (5.17) 
\i=l ieJ / 

for a > small. We prove it by contradiction. We assume on the contrary that 

a^a 9 I U Br^. ^ (xi,„) U y BRf,. ^ (xi,„) I and ra (x„) < S (5.18) 
\i=i ie.J ) 

for all a > 0. First, it follows from the choice of (5o and of r]a.{,^) that x^ € i35o(xa). 
Therefore, if x^ ^ 9^^, we write then thanks to (5.18) that 

Thanks to (5.16), we have that 

AgMg (Xg) . , -2*-2 

which leads to 

A,^7..(X ) ^.^^^^^.._. _ 

^^^(x \X(x ) 

Since the coefficients of Ag are in with a continuous principal part (the metric 
g is Lipschitz continuous), direct computations yield the existence of > such 
that 

(A') < |x - y|("-2)(i-7) (j.^ < for all a;, y e M", x ^ y. 
(B') ^^^^S^> S;k-yr'-^7forall x, y e fi, x ^ y. 

And then the proof goes exactly as in Step 3.1.1, using the convergence of the 
rescalings of Ua proved in Proposition 2. In case Xq, G dfl, wc approximate it by 
a sequence of points in ft and also conclude. This proves that there exists C > 
such that 

ie.7 

+ry„ (,5) ^(|x - x,,,!^^-")'^ + |x - x,,„|(2-»)t) 

for all X G Wa.R- As easily checked, there exists C > such that |x — x^ qI > 
C|x — Xi,c(| for all x G Bsg{xo) n il. Therefore, we get that there exists C > such 
that (5.15) holds. This ends the proof of Step 3.1.2. 

Since fl is compact, Step 3.1 is a consequence of Steps 3.1.1 and 3.1.2. □ 
Step 3.2: We claim that there exists C > such that 



Ua{x) < C (M>'i?„(x)2-" 
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for all X e ri and all a > 0. 

Proof of Step 3.2: We fix < 7 < ^^^^ the following. We let {xa) be a sequence 
of points in Q, and we claim that 

Uoi {Xa) <Uoi+0 (^ii^Ra {x)"^'"^ + o{r]a {5j)) ■ (5.19) 

Note that this clearly implies the estimate of Step 3.2 if we are then able to prove 
that 7}a ((^7) = O (ua)- Let us prove this last fact before proving (5.19). A direct 
consequence of (5.19) and (5.4) is that 

{5j) = O (jJ.^^ + O {Ua) = O (Ua) , 

thus proving the above assertion. We are left with the proof of (5.19). 

Step 3.2.1: Assume first that Ra {xa) = O (Ha)- We use then (iv) of Proposition 
2 to write that 

Ra (Xa)^ Ua {Xa) = '^Ra (Xa)^ Ui^a {Xa) + o{l) . 
i=l 

Wc can thus write that 

/ AT ^ ^ 1- 
IJ,a~^RaiXa)"~'^UaiXa) = O IJ,f~^ R^ {Xa)"'''^ (^fJ^la + \Xi,a - Xa\^^ 

\i=l 



+0\ 



Ra {Xa) 
l^a 



= 0(1) 

since + \xi^a — Xa\'^ < Ra {xa)^ and jjLi^a < Ma for all 1 < i < A''. Thus the 
estimate (5.19) clearly holds in this situation. This ends Step 3.2.1. 
Step 3.2.2: Assume now that 

^ +00 as a ^ +00 . (5.20) 

Ma 

We use the Green representation formula, see Appendix A, and equation (2.1) to 
write that 

Ua{Xa) — Ua = j G{Xa,x) (n{n — 2)Ua{x)^ ~^ — eaUa{xfj dx 

where G is the Green's function for the Neumann problem. Since adding a constant 
to G does not change the representation above and using the pointwise estimates 
of Proposition 9, we get that 

Uaixa) < Ua + {G {xa, x) + m{Cl)) (n{n — 2)ua{x)'^ ~^ — eaUa{x)^ dx 

< Ua + n{n—2) / {G {xa,x) + m{Q,))ua{xy dx 

Jn 

< Ua + C \Xa — xf~^ Ua{x)'^ ~^ dx . 

Jq 



22 



OLIVIER DRUET, FREDERIC ROBERT, AND J.WEI 



Using now Step 3.1, this loads to 



Ua{Xa) < Ua + 0^a{Sj)^ ^ j \Xa - " (a;) '''^^'^^^ dx^ 

+0 {^,T^'-'^^ I k„ - " r„ dx 

\ J {rc{x)>Rnc.} 



a 



+0 [ I \Xa — xf ^ Ua{xY ^dx \ , 

ra{x)<R^loc} J 



for some R » 1. The first term can easily be estimated since 2 — (n + 2)7 > 0. 
We get that 

Va {S-yf y \xa - xf'" Va (a;)"^""*"^^^ dx = O (j]a {Sjf = o(?7„ {6j)) 
thanks to (5.3). We estimate the second term: 

\Xa — xf~"' ra (x)"*-"'*'^''^^"'''^ dx 



N 

<y I \xc- \x - a;i,„r("+'^('-^) dx 



i=l J{\Xi,o, 



N 



since n— (n + 2) (1 — 7) < and \xi^a — Xa\'> ^Ra {xa) for a large for all 1 < i < A'' 
thanks to (5.20). The last term is estimated thanks to (2.2), to (5.20) and to 
Holder's inequalities by 



/ 



\Xa — xf Ua{x)'^ ^ dx 

(x)</*c.} 

O ( ra (a;a)^~" / Ua{xf*~^ dx 

O \ ra iXaf~"' fJ-^ f / Ua{x)'^* dx 

O {jla^ra (Xa)^"") . 



Combining all these estimates gives (5.19) in this second case. This ends Step 3.2.2. 
As already said, this ends the proof of Step 3.2. □ 

The proof of Proposition 3 is now straightforward, using once again the Green 
representation formula. We write that, for any sequence {xa) of points in f2, 

Ua {Xa) — Ua = n{n — 2) I G {Xa,x) Ua {x)^ ~^ dx — Ca I G {Xa,x) Ua {x) dx . 

Jn Jn 
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Let us write thanks to Appendix A, Step 3.2 and Giraud's lemma that 

' dx 



/ G{xa,x)ua{x) dx = O ( / la;^ — " Ra{x)^ 
Jn V Jn 

+0 ^Uq. J \xa — xf~" dx^ 
(here one needs to spearate the case n < A,n = A and n > 4) and that 

j G{Xoc,x)Ua{xf ~^ dx = O {Ua) + O (^IJ.^ Ra {Xa)^~"'^ . 

Note that this last estimate has been proved in Step 3.2.2. Combining these equa- 
tions, we get the existence of some Ci > and some sequence ^q, as a — )• +oo such 
that (5.7) holds. This proves Proposition 3. □ 

6. A SHARP UPPER-ESTIMATE 

Let us fix some notations. We let in the following 

ri,a{x) min \xi^a - x\ and Ri^a{x)^ := min ( |xi,a - a;|^ + ) . (6.1) 

i<j<N i<j<N \ ' / 

Note that Ri^a{x) = Ra{x) and ri,a{x) = ra{x). 

Definition 5. For 1 < i < N , we say that (Ij) holds if there exists Cj > and a 
sequence Pa as a ^ +oo such that 

i-1 

Oi{x) - Ua - ^Vj^oi{x) 
i=l 




+ Y.^3A^)\+CiiJ^i,l Ri,a{xf-^ (6.2) 



for all X £ Q and all a > 0. Here, Vj^a is as in Appendix B. 

This section is devoted to the proof of the following : 
Proposition 4. {In) holds. 

Proof of Proposition 4-' Thanks to Proposition 3, we know that (Xi) holds. The 
aim of the rest of this section is to prove by induction on k that (T^) holds for all 
1 < K < A^. In the following, wefixl<K<A^— 1 and we assume that (1^) holds. 
The aim is to prove that {Ik+i) holds. We proceed in several steps. Let us first set 
up some notations. In the following, we fix 

0<7<^. (6.3) 

We let, for any 1 < i < k, 

*i,„(a;) := min (xi,«, cc) ; AoAtr^^^"^'^'$i_^ (xi,^, a:)| (6.4) 

for X G f2 \ {xi^a} where 

Ao := — i— {ARo)-^-'^^'-'-^ . (6.5) 
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Here $7, ^i—y, Dj and are given by (5.14) and Rq is as in (5.5). With this 

choice of ^0, we have with (5.14) that 

if \xi^o; — x\ < 2RQiii a- Similarly, q,(x) = ^ '^^^<^^ {xi,a,x) if x is far enough 
from Xi a- Note also that we have that 



*i,a(a;) 



(1-2)7 



(6.6) 



for all a; € \ {xi^a} and all a > for some ^1 > independent of a. We also 
define 



and 



AT 

©a (a:;) := ^7 ixi,a,x) . 



We set, for 1 < i < 

^i,a := {xeCl s.t. *i,a(a;) > *j,a(a;) for all 1 < j < k} 
We also fix ^2 > that will be chosen later and we define i^^^c by 



,^(1-27) 



:= max < Mk^i.c 



T^(l-27) . 



max sup 

l<i<K^ ©a 



where 



Xa(x) - Ua -^yj,a{x) 



2* -2 



> A2 



(6.7) 
(6.8) 
(6.9) 
(6.10) 

(6.11) 



In the above definition, the suprema are by definition —00 if the set is empty. 
Remark that, in all these notations, wc did not show the dependence in 7 of the 
various objects since 7 is fixed for all this section. 

Step 4.1: We claim that J^^.a — O {y.K,a) when a +00. 

Proof of Step 4-1-' This is clearly true if i^^.a = Mft+i.a since i^K+i,a < A'fc.a- 

Step 4.1.1: Let us assume that there exists Xa S fii,a for some 1 < i < k such 

that 

which implies thanks to (5.14) that 

'^iTa'' = O (R.+l,a {Xaf ^i,a (^a)^) • (6-12) 

Since (!«) holds and Xa S fii,a, we also have that 



A2 < o(l) + 



o 



Rfija (^a) 
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Noting that 



2*-2 / Fi,a - Xa\ 



+ 



and using (6.6), we get since a;„ e fii^a that 



2*-2 



Mi 



47-2 



^j,a •^a I 



-47 



= o(i) 

since 7 < i. Thus the previous equation leads to 

RK,a {xaf = |a;i^a - a;^!) . (6.13) 

If Rn^a (xa) = -R/t+i.a (^^a)) then (6.12) and (6.13) together with (6.6) lead to 
j^i-27 _ o(,^-i\r- -r (t "1^^ 



= O nl-J 



37-l\ 



27 



= o(/.i7>a) = ofc'") 

since 7 < 5 and i < k so that „ > Mk.o- The estimate of Step 4.1 is thus proved 
in this case. This ends Step 4.1.1. 

Step 4.1.2: Assume now that RK,a {xa) < RK+i,a {xa) so that i?K,a {xaj^ = 
\xK,a — Xa\^ + lJ,K,a- Then (6.13) becomes 

\Xii.a - Xa\'^ + IjI^^ = 0{flK,a \xi,a - Xa\) ■ (6-14) 

M i = K, we then get that \xi^a — Xa\ = O {jJ-i^a)- Since i?K+i,a (xa) > Rn,a(xa) > 
^i^a in this case, we can deduce from Proposition 2, (iii), that 



2* -2 



^ 



as ct +00, thus contradicting the fact that € f^^.a- If i < we write thanks 
to (6.6) and to the fact that "^i ^ {xa) > (^a) (since € ^i,a) that 



27 



+ 



2j\ 
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which gives thanks to (6.14) that 



27-l\ 



Since 7 < | , this leads clearly to 

for some C > independent of a. This implies that /i^.a = o{ni^a) thanks to 
Proposition 2, (ii). One then easily deduees from (6.6) that 



which contradicts the fact that € ^i,a- This ends Step 4.1.2, and therefore this 
proves Step 4.1. □ 

Step 4.2: We claim that there exists A3 > such that 

+ max{u„; ^^^'"'^^}ra(x)(2-")T) (6.15) 
for all a; e 1^ \ UilK+i ^flo/^i.a (a^^i,^)- 

Proof of Step 4-2: As in the proof of Step 3.1, the proof of Step 4.2 requires to 
distinguish whether we consider points in the interior or on the boundary of fl. 
We only prove the estimate for interior points and we refer to Step 3.1.2 for the 
extension of the proof to the boundary. We fix S and (5o > such that 
Bsaixo) CC ri. We let Xa e Bs„{xo) \ {JiL^+i BRaixi,„{^i,a) be such that 



sup 



(6.16) 



and we assume by contradiction that 

lid {Xc(^ 



+00 as a — >■ +00 . (6.17) 



Thanks to the definition (6.7) of ipa and to the fact that (X^) holds, it is clear that 

Va {xa) ^ as a — >■ +00 . (6.18) 
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We claim that 



+00 as a -J> +00 for all K + 1 < i < . (6.19) 

Mi, a 

Assume on the contrary that there exists k + 1 < i < N such that \xi.a — Xa\ = 
0{iJi^a)- Since \xi^a — Xa\ > RolJii,a and by the definition (5.5) of i?o, we then get 
thanks to Proposition 2, (iii), that (x^) = O ^Atj^„ ^ ^ • But, thanks to (6.10) and 
to (5.14), we also have that 

SO that 

'^a (^a) r\ ( ( l*^*;*^ x| ^ 



n-2 / 



= ri-^ =o(i) 



thus contradicting (6.17). So we have proved that (6.19) holds. With the same 
argument performed with ^i^a, we also know that, for any 1 < i < k, 

either \xi^a — Xa\ < RoP'i.a or — — >. +00 as a ^ +00 . (6.20) 

In particular, we can write thanks to (6.16), to (6.19) and to (6.20) (which ensures 
that the Vl/i,c<'s are smooth in a small neighbourhood of the remark following 

(6.5)) that ' 

for a large. We write thanks to (2.1) that 

AUa [Xa) , , , ,2* -2 

— — < n(n - 2)Uoc [Xoc) 

11q^\Xq^) 

so that the above becomes 



< n{n - 2)Ua {Xa f ~^ I ^ *i,a + l^i^^^ ^^^©a + V'a ) i^a) ■ 



Writing thanks to (A), (B) that 

A*i,Q, (Xa) > (-=. ^^TT \xi,a - Xa\~'^ - - Di-j ] -^^^a (Xa) 

for all 1 < i < that 



A©a (X„) > ( ^ZP-V^+i.a {Xa) ^ - N ] 0^ (x^) 



and that 



AV'a [Xa) > ( -^-Dii^ra (Xq,) ^ - N Di_^ ) (sJa) 
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we get that 

> ^ {\Xi^a - Xa\~'^ - - C^Uoc {Xaf *i,a {Xa) 

i=l 

where C-y > is large enough and independent of a and 5. We let in the following 
1 < i < K be such that Xa € f2i,a- We can then deduce from (6.21) that 

+ (rK+l,a {Xa)'^ - - CjUa {Xaf I'^^^'^^^Sa (a;a) (6-22) 

+ (ra {Xa)~^ -C^- C^Ua {x^f tpa {Xa) 

Thanks to (6.7) and to (6.17), we know that 

Ua = o{Ua {Xa)) ■ (6.23) 

We also know thanks to (6.17) that 

Uj,a {Xa) = o{Ua (x^)) (6.24) 

for all 1 < j < K since 

for all 1 < j < K. Note also that, thanks to (6.19), we have that 

RK+i,a (xa)"^ Uj^ct {xct)^ ~^ — )• as Q! ^ +0O for all K + 1 < J < A/' . (6.25) 
Thus we can deduce from Proposition 2, (iv), together with (6.24) and (6.25) that 
Ra {xctf Ua {xa)'^ ~^ ^ as a ^ +0O . (6.26) 
Thanks to (6.18) and to this last equation, we can transform (6.22) into 

+ (x„)-' -C^- a,u,, (xc^f-^) i^S^'^^^^Qa {Xa) (6.27) 

+ (l + 0{l))ra {Xay"^ tpa (Xa) 

Since (!«) holds, we get thanks to (6.23) and (6.24) that 

Ua {Xa f = (M^.a-^K," (^^a)"") • (6-28) 

We claim that we then have that 

Ua {xaf = O (a;^)"^) • (6.29) 

Indeed, if (6.29) does not hold, then (xa) ~ o{R^ a (xa)) when a — > +c« 

and then i?K,a (xa) = l-i'K,a + — XK,a\'^, which contradicts (6.24) and (6.28). 
This proves (6.29). 
We claim that this implies that 

RK+i,a (xa)'^ Ua {xa)'^ ~^ ^ as a — )• +0O . (6.30) 
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Indeed, if not, (6.29) would imply that 

while (6.26) would imply that Ra (xa) = o (i?K+i,Q {xa))^ which would in turn imply 
that there exists I < j < k such that 

which turns out to be absurd since \ij^a ^ li-K^a- 

Thus (6.30) holds. Note that (6.29) 

together with (6.23) also implies that 

-Rre+i,a [xa) as a — )• +0O (6.31) 
thanks to (5.4). Thanks to (6.30) and (6.31), we can transform (6.27) into 

+ {l + o{l))r^+l,a{Xay^ I^K,a '^^ ^'^^ (Xa) + + o{l))ra (Xa)^^ i'a (Xa) ■ 

(6.32) 

If Xa ^ ^i,a, we can transform this into 

> (^l + 0{1) - kCjA2 - KCj\Xi^a - Xal^^ \XiM - Xal'"^ ^i.aiXa) 

+ (l + o{l))r^+i,a (x 6a (Xa) + (l + o(l))r„ (.-ra) ^ Ipa (Xa) 

thanks to (6.23) and (6.24). Up to taking ^2 > small enough, this leads to 

ra {Xa)~'^ V'a {Xa) = O • 

Thanks to (6.18), (6.7) and (5.14), this is clearly absurd. Thus we have that 
Xa € 0,i^a- Coming back to (6.32), we have that 

l^i^^^'^'^^Qa {Xa) = O (^(v,a {Xaf + l) V^+i^a {Xaf '^i,a {Xa)j ■ 

Using (6.30) and (6.31), this leads to 

iy^''^^^''^e)a (Xa) = o(*j,a {Xa)) , 

which clearly contradicts the definition (6.10) of i/^.a since Xa & ^i,a- We have 
thus proved that (6.17) leads to a contradiction. Using (5.14), this proves (6.15) 
and permits to end the proof of Step 4.2. □ 

Step 4.3: We claim that there exists > such that 

Ua{x) < ^4 X] UiAx) +Ua + i^/^T (a;)^"" J (6.33) 



vi=l 



for all a; e f2 and all a > 0. 



Proof of Step 4-3: We let (xa) be a sequence of points in ft. We aim at proving 
that 

Ua (Xa) = O Ui^aiXa) + «« + J^/^ -R^+l.a (^a)^"" ^ . (6.34) 
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Since (Ik) holds, and distinguishing whether RK,a{xa) = o(RK+i,a{xa)) or not, we 
already know that (6.34) holds if 

■1-2 2 — n 

for some 1 <i < n. Thus we can assume from now on that 

-Rw+l.a {Xaf = O {lJ.i,al^K,a) + O i \Xi,a ~ Xaf ] (6.35) 

for all 1 < i < K. This implies in particular that, for a large, 

Ra {Xa) = Rk+I,^ (Xa) = o(l) . (6.36) 

Using Step 4.1 and (iv) of Proposition 2, we also get that (6.34) holds as soon as 
RK+i,a {xa) = O {i^K,a)- Thus we Can assume from now on that 

— — — ^ — - +00 as a ^ +00 . (6.37) 

We now use the Green representation formula to estimate Ua (xa)- As in Step 3.2.2, 
we write that 



Ua (xa) < Ua + n{n — 2) / {G {xa,x) + m{fl))ua {x)'^ ^dx 
Jn 

since Ua satisfies equation (2.1). This leads to 

Ua {xa) — Ua < Con{n — 2) / \xa — x\^~"' Ua {x)^ ~^ dx . (6.38) 

Ja 

Noting that rK,+i,a{xa) ^ -Rre+i.a {xa), we write thanks to (6.37) and to Step 4.1 
that 

/ \Xa - Ua {xf ~^ dx = (l^,^i?K+l,a {Xaf'"^) 

J{xen,r^+i,„{x)<Roi^^,c.} ^ ' 

(6.39) 

using Holder's inequalities and (2.2), where Rq is as in Step 4.2. Noting that 

N 

(x) < i?oJ^K,a} , 

we write now thanks to this last inclusion, to (6.39) and to (6.15) that 

Ixq- — xj^ "mq,(x')^ ^ dx 

= O J - xf~'^ *i,c< {xf dxj 

+0 ( vS^'-^'^ I \x. - xr- r.^,,a (x)-("+^)(^--) d: 

+0 (^max{<-i;MZ^^'-'^^} j - r„(x)-("+2)^ dx^ 

+0 (z^/^-Rft+l.a (Xa)^"") . 
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Here all the integrals have a meaning since 7 < We write that 



.(x)>l^.,c.} 



I \2—n / \ 



-(n+2)(l-7) 



I ^ ^' dx 



I 

N 

\i=K;+l / 

= 0(<-("+2)(i-T)ii,+i,„(a;„)^-") 
since 7 < and thanks to (6.37). We can also write since 7 < that 
/ |a;„-x|'-"ra(a;)-("+2)'>'dx = 0(l) 



and that 



thanks to (2.3) and (5.4). Collecting these estimates, we arrive to 

f I |2-n / ^2*-l , 

/ \Xa — X\ Ua \X) dX 

Jn 

= O J \xa - *i,a {xf dxj 

+0 (■«„) + 0(1^^ i?K+l,a(a;a)^~") • 

Since 7 < we get that (see Step 13.2 in the proof of Proposition 13 in Appendix 
B for the details) 

/ \Xa - Xl^"" {xf ~^ dx = 0{Ui^a (a^a)) 

for all 1 < i < K. Thus we have obtained that 

/ |a;„ — x\^~^ Ua [xf ~^ dx 
Jn 

= O Vi^a (a^a)^ + O (Ua) + O R,,+\,a (aJa)^"") • 

Coming back to (6.38) with this last estimate, we obtain that (6.34) holds. This 
ends the proof of Step 4.3. □ 

Step 4.4: We claim that there exists A5 > such that for any sequence {xo) of 
points in O, we have that 



(a^a) '^a ^ ^ ^i.Q (a^a) 



(6.40) 



< R^j^X,a{x.af " + 0(Wa) + I ^f/i,Q, (a;a) j • 



vi=l 



32 



OLIVIER DRUET, FREDERIC ROBERT, AND J.WEI 



Proof of Step 4-4- Let (xa) be a sequence of points in fl. 
Step 4.4.1: Assume first tliat 

RK+l,a (Xa) = O (!^K,a) when a +0O and i?K+l,a {Xa) = Ra (Xa) ■ (6.41) 

We can apply Proposition 2, (iv), to write that 

N 



This leads to 



i=l 



=0(1). 



Noting that, for any k -\- 1 < i < N ^ 



n-2 



2-n 



< 



2-n 



thanks to (6.10), we then get that 



2-n 



Thanks to (6.41), wc also know that 
We then get that 



i=l 



(6.42) 

We are left with estimating \Ui^a {xa) — Vi^a{xa)\ when a +oo for all i G {1, k}. 
We use the estimates of Proposition 13 and we let i G {1, k}. We have that 



Ui,a {Xa) - Vi^a{Xa) = 0{Ui^a{Xa)) = O 



IJ'i. 



Mi a \Xa j 



= O min 



O 



n-2 



n-2 
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Using (6.41) and Ra{xa) — RK+i.a{xa), wc get that 



Ui^a {Xa) - Vi^a{Xa) = O \ min { ( ) , ( 



O 



n — 2 



(6.43) 



Plugging (6.43) into (6.42) yields (6.40) up to take large enough if (6.41) holds. 
This ends Step 4.4.1. 

Step 4.4.2: Assume now that 

(xa) = O (i^«,a) when a +oo and i?„ (xa) < Rn+i,a {xa) ■ (6-44) 
Then there exists 1 < i < n such that 

thanks to Step 4.1. This implies that Hi^a = O {iJ^^a) and that \xi^a — Xa\ = 
O {l-i'K,a) when a +oo. This also implies that RK+i,a {^a) > Since we have 
that yu^.a < Mi, a) using Proposition 2, (ii) and (iii), we then obtain that 



and that 



\Ua {Xa) - Ui,a {Xa)\ = o{Ui,a {Xa)) 
lh7 = 0{Ui,a (Xa)) . 



(6.45) 



This leads in particular to 



o{Ui^a{Xa)) +0 ^ ^ Uj^aiXa) 

,l<j<K,jyii 



Now, for any 1 < j < k, j ^ i, we have that 



< 



0(1) 



(6.46) 



thanks to Proposition 2, (ii), since = O {^K,a) and /x^.a < Mj,a- In particular, 
(6.45) and (6.46) yield 

Uj,„{xa) = o(C/i,„(x„)) (6.47) 
when a — >■ +oo for all I < j < k, j ^ i. Thus we arrive in this case to 



(^a) "^a ^ ^ ^jiCt (^a) 



(6.48) 



To obtain (6.40), we need to remark that, thanks to Proposition 13 and (6.47), we 
have that 



Uj,a{Xa) - Vj^a{Xa) = 0{Uj,a{Xa)) = o{Ui,a{Xa)) 



(6.49) 
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when a — > +00 for all 1 < J < j 7^ Concerning Ui.a{xa), we refer again to 
Proposition 13: iixi^a is such that case (i) or (ii) holds, then Ui^a{xa) — Vi^a{xa) — 
o{Ui^a{xa)) when a — )• +00. In case (iii) of Proposition 13, we get with (6.45) that 



^i,cc{Xcc) ^i^Oi{Xcc) — ^ 



+ o(«7i,a(a:a)) + 0(Mi,^ ) 



when a +00. Therefore (6.49) holds for all j € {1,...,k}: associating this 
equation with (6.48) yields (6.40) for any choice of A5 > if (6.44) holds. This 
ends Step 4.4.2. 



Step 4.4.3: Prom now on, we assume that 

■ > +00 as a ^ +00 . 

As a preliminary remark, let us note that 

(a) X RK.+i^a{Xa) 



(6.50) 



(6.51) 



for large a's (the argument goes by contradiction). We use Green's representation 
formula and (5.4) to write that 



- {xf ^ - X] (^)^ ^ 



'a ('^a) ^ ^ (^a) 

i=l 

<n{n — 2)Co / \xa — xf' 
Jn 

+ Coect / \Xa — x\'^~" Ua {x) dx + O {Ua) ■ 

Jn 

Let us write thanks to (6.33) that 

/j.-.rM.,...4.?/„K-.r"(,.,.-.^..L) 

r r.-2 ^ /• 

= O (|a:i,„ -Xat + ' ) ^ 

\ i=K + l / 

= (^f/i,a(a;a)) +0(«a) + 0(z.«X^«+l,a(2;a)'"") • 



(6.52) 



dx 



\Xi,(x X\ ~t~ 
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Thus (6.52) becomes 

i=l 

< n(n — 2)Co / \xa — x\^' 
Jn 



dx (6.53) 



+ O (Ua) + O Ui^a iXa)j + O {vi^^a Rk+1,oc {Xocf ") • 

Thanks to Proposition 2, (ii) and (iii), there exists a sequence +oo as a ^ 

+00 such that, for any 1 < i < k, 



Ui, 



as a +0O 



L~(ni,ann) 



and 



— >■ as a ^ +0O 

L~(Oi,cno) 
where 

^i,a ■= BL^I^.^{Xi^a)\ [j B_i_^.^{Xj^a) 

i+l<j<N 

and such that these sets are disjoint for a large enough. Then we can write that 



/ \Xa 

JQnQi a 

\Jnn 



la{x)'^ ^ - ^Uj,a{xf ^ 



dx 



for all 1 < i < K. We also remark that 

/ \Xa - xf~'^ Ui^a{xf*~^ dx = o{Ui^a (Xa)) 

for all 1 < i < K. Thus, using (6.33), we transform (6.53) into 

U(x (^a) ^ ^ ^i,a (»^a) 



i=i 



Xa -xf " -Rw+l.a (x) '"'''^^ dx 



+ 



if 



\Xa — x\'^ Ua{x)'^ ^ dx 



(6.54) 
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Following the proof of Step 4.3, it remains to notice that 



Jan{r„+l,a(x)>I'^,a} 

^ r -1- 

< V / \Xa - x\^~'^ [\Xi^oi - + lA,o) ' dx 

Fix i> K+1. Assume first that 



lim — ■ = +0O. 

a->-+oo yL<i,a 

Then, we get with changes of variables that 

dx 



/ \Xa - X\^ " (\Xi^a - + f^laj 

JBR{xi,c.)n{\x-Xi,ac\>'^K,c.} ^ ' 

I 

7l<|2|<_J2_ 



I ^ ' dx 

,)n{|x-xi,„l>i/^,„} 

2- 

= 13.. -a; |2-"j,-2 / 

'1<|2|<T 



Xi^a Xa ^ ^n,a ^ 
\Xi a Xct\ \Xi a X^tl 



dz 



when a — >■ +oo. Assume now that 

Vi^a - a^al = 0{fM^a) (6.55) 

when a — >■ +00. With the change of variables x := Xi_a + fJ-i,aZ, we get that 
/ \x^ - xf-" (\xi,^ - xf+f^lV''^ dx = Oi^r^) 

J BR(xi,a)r\{\x-Xi,a\>v^,a,} 

when a — )• +00. It follows from (6.55) that RK+-L,a{xa) = 0{in^oi): and then, with 
(6.50), we get that f^^a = o(/ij,a) and then 

/ \xa- x\^~'' (\xi^oi- + ^ dx 

In all the cases, we have then proved that 

/ \Xa — x\^~^ (\Xi^oi — x\^ + ^ ^ rfx (6.56) 

J BR(Xi,c.)fy{\x-Xi,c\>VK,c} ^ ' ' 

when a +00 for alH > «; + 1. 

independently, using Holder's inequality and (6.51), we have that 

/ \xo,-x\'-''ua{xf-^dx = 0{v'^r^+i,a{xe.f-'') (6.57) 

when a — > +00. 

Plugging (6.56) and (6.57) into (6.54), we get that (6.40) holds up to take large 
enough if (6.50) holds. This ends Step 4.4.3. 
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Plugging together Steps 4.4.1 to 4.4.3, we get that (6.40) holds up to taking A5 
large enough. This ends the proof of Step 4.4. □ 

Step 4.5: We claim that f^.a = O {fj.K,+i,a) when a +00. 

Proof of Step 4.5: Wc proceed by contradiction and thus assume that, up to a 
subsequence, there exists 1 < i < k and Xa & a such that (see the definition 
(6.10)) ^ 

Since Xa € 0,^^, we also have that 



i{Xa) - Ua -^Vj^a{Xa) > ^2 • 

At last, since Xa € fij,a, we have that 

^j,a (^a) — ^z,a (^a) 

for all 1 < j < K. In particular, we can write thanks to (6.6) that 

|^i,a X(x\ Uj^oi (^a) — \Xi^oi X(y\ ^i,a {Xct) 



(6.59) 
(6.60) 



< CA,^^ I 



2* -2 / \Xi 



^z,a .^'a I 



47-2 



+ 



Mi: 
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l^i,a \Xi^a 

for all 1 < J < K since 7 < ^. Applying (6.40) to the sequence (xa) and coming 
back to (6.59), we thus obtain that 

A2 < A^-'^ \Xi^oi - Xoc'^ l/l^^R^+i^a {XaV^ + o(l) . 

This leads to 

Rt^+l,a{Xa) = O {Vf,^a\xi,a - Xa\) ■ 

Using (5.14), we can write thanks to (6.58) that 
which leads with (6.61) to 



(6.61) 
(6.62) 



1I-7 



It is easily checked thanks to (6.6) that this leads to \xi^a — Xa\ = O (i^K,a). Since 
i^K,<x = O {i-ii^a) thanks to Step 4.1 and since Xi^a — Xa o(/Lti,a) when a +00, 
this leads in turn to 

Mi.a = O (^\Xi^a - Xa\^~'^ 1^2,a) = ^ (2^«,a) = O {fJ,K,a) ■ 

Thanks to (6.62), we have obtained so far that \xi,a ~ Xa\ = O {ni.a): that fXi^a = 
0{lJiK,a) and at last that jii^a = O {R^+i^a {xa j) using again (6.62). Note that 
since ^i^a ^ Mk.o) we have that fXi^a = 0{iij^oc) for j < k when a — )• +00. Using 
Proposition 2, (ii) and (iii), we then get that 

2*-2 



\Xi,a Xn 



(^a) '^a ^ ^ ^\CK {Xa) 



as a +00 
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thus contradicting (6.59) This ends the proof of Step 4.5. 



□ 



Steps 4.4 and 4.5 give that, if (I^) holds for some 1 < k < N — 1, then (Xk+i) 
holds. Since we know that (Ii) holds thanks to Proposition 3, we have proved that 
(In) holds and thus we have proved Proposition 4. 



□ 



7. Asymptotic estimates in (f2) 
In this section, we prove the following: 
Proposition 5. There exists a sequence as a ^ +oo such that 



N 



i=l 



N 



i=l 



for all X & fl and all a > 0. In addition, there exists ^le > such that 

N 



for all X £ and all a > 0. 



(7.1) 



(7.2) 



Proof of Proposition 5: We first prove the pointwise estimate on Then we will 
prove the pointwise estimate in (Ci) . 

Step 5.1: Wc claim that there exists a sequence — ^ as a — )• +oo such that 
(7.1) holds. In particular, there exists C > such that 



N 



(7.3) 



for all X G fl and for all a € N. 

Proof of Step 5.1: The proof of (7.1) goes as in Step 4.4. Wc omit the details. The 
estimate (7.3) is a consequence of (7.1) and the inequality (11.33) of Proposition 
13. 

Step 5.2: We claim that (7.2) holds. 

Proof of Step 5.2: Green's representation formula yields 

Ua{x) -Ua= G{X, •) (u^ - €aUo^ dy 

for all a; £ ri and all a G N. Differentiation with respect to x yields 
|Vwa(x)| < 



< 



y VxG(a;, •) [u^^ ^ - e^Ua) dy 
S7xG{x, •)! (u^*"^ + eaWa) dy 



Plugging (7.3) and the estimate of V^G of in (11.5) of Proposition 9 yield (7.2): 
we omit the details. 



These two steps prove Proposition 5. 



□ 
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8. Convergence to singular harmonic functions 

8.1. Convergence at general scale. We prove the following general convergence 
result 

Proposition 6. Let {ua)a£N € C^(f2) such that (1.3) and (1.4) hold. Let {xi^a), {xN,a) € 
fl and (/xi^q), (/iAf^a) € (0,+oo) such that (7.1) holds. Let {xa)aen € O and 
{l^a)aenj (?'a)aeN G (0, +oo) bc sequences such that 

(i) lim£j_>.+(x) fa=0 and = o{ra) when a — >■ +00, 

(ii) ra ^ ^i^,a whcn a +00 for all i G {1, N} such that Xi^a — Xa = 0{ra) 
when a — >■ +00, 

(Hi) r^~'^Ua = 0{^a^ ) when a — > +00, 
(iv) Hi^a = 0{fj,a) when a — )■ +00 for all i ^ I where 
I := {i G {1, N}/xi^a — Xa = 0{ra) and fii^a — o{ra) when a — > +00}, 

Then we distinguish two cases: 
• Case 6.1: Assume that 



We define 



d{xa,dQ) 

lim = +00. 

c«->-+oo r„ 



j-n-2 — X 
Va{x) := Uo:{Xa + TaX) for all X G —. (8.1) 



Then, 

where 

and 

And 



a— f+oo 



lim Vc,{x) = K + yXi\x-ei\''-" inCl^{R"\{9i/ieI}) (8.2) 
iei' 

/':={i€///Xi,aX/x„} (8.3) 

61. := ^'-^ ~ ^" for all i € I and Xi > for all i € I'. (8.4) 

a->+c» rn 



K= lim !:^ + ^r, lim ^) ' (8.5) 

with Ti> 1 for all i € 

• Case 6.2: Assume that 

lim ^^^^ = pe[0,+oo). 

Then there exists xq S dQ such that linia^+ao Xa = xq. We take (f, Ux^ and the 
extension Ua as in Lemma 2. We define 

Va{x) := -^Ua o ip{ip-^{xa) + r^x) for all x € (8.6) 
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Then, 

lim dcix) = A,(|x-^ip-" + |x-(j(^,)|2-«) in Cl^{W\{9^, a{0i)/i€ I}) 

iei' 

(8.7) 

where K > 0, I' , Xi are as above, 

Oi := hm ■ for all i G I 

a^+oo roi 

and (T : R" M" is the orthogonal symmetry with respect to the hyperplane {xi = 
p}, that is 

a{xi,x') = {2p-xi,x') for all {xi,x') G R". (8.8) 

Proof of Proposition 6: As in the statement of the proposition, we distinguish two 
cases. 

Case 6.1: we assume that 

lim felM^+oo. (8.9) 

a— >-+oo ra 

We let i? > so that, for a € N large enough, it follows from (8.1) that Va{x) 
makes sense for all x S Bji{0). We fix x G Bn^O). It follows from (7.1) that 

v^{x) = (1 + 0(1)) ('-^^ + f2 r^:^}^^i^±i^\ (8.10) 

V p.a^ i=l fia^ / 

when a — +oo. We estimate the right- hand- side with Proposition 13. We have to 
distinguish whether i G I or not 

Step 6.1.1: Let i e /. We define 



for all a € M. In particular, liuia^^oo ^i,a = where 9i is defined in (8.4). 
Therefore 



2 



Ma 



n — 2 

I 

Mi, a 

^Ma((^)%k-^i,a|2)^ 

= ( hm ' \\x-ei\^-- + o{l) (8.11) 

for all X G i3i?(0) \ {9i} when a — >■ -l-oo. Note that these quantities are well-defined 
due to point (iv) of the hypothesis of Proposition 6. 

Step 6.1.2: Let i € I" such that 

hm - — ■ = +00. 

a^-l-oo r„ 
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Let ao S N be large enough such that \xi_a — Xa\ > 2Rra for all a > aa. Then 

I \ Xa Xi_ct ~1~ 1"aX\ I^J^^q, | | ^ Tq, |x| — 0{fa^ C>(|*'^'a ^z,a |) 

when a — >■ +00 and uniformly for all x € Bii(0). Therefore, we have that 

n-2 



IJ-a 



for all X e Sfl(O) and all a e N. 

Step 6.1.3: Let i e F such that 

\xi,ct — Xa\ = 0{ra) when a — )• +00. 

Since i ^ I and points (ii) and (iv) of the hypothesis of Proposition 6 hold, we then 
have that Tq, = o{iJi^a) when a — >■ +00: in particular, \Xa — Xi^a\ = o{^i^oi) when 
a +00. We then get that 



IJ-a 



= (i + «(i))l:7T7^^¥^-rm 1 (8-13) 



for aU X e Br{0) and all a €N. 

Step 6.1.4: Let i e {1, A'^}. We claim that 

n-2 

" 2f = (8-14) 
when a — >■ +oo. Indeed, it follows from Point (iii) of Proposition 2 that 

IH^ <C I u^*-^ dx<C I u^*-^ rfa; = Ce^ / = o(ua) (8.15) 

JnnB^^ ^(xi^a,) Jn Jq 

when a +oo. Therefore, (8.14) follows from point (iii) of the hypothesis of 
Proposition 6. 

Step 6.1.5: We let i € {1, ■■■,N} such that the hypothesis of point (iii) of Propo- 
sition 13 hold. Since 7r~^(a;i,c) ^ O, we have that \xa — Tr~^{xi^a)\ > d{xa,dSl). 
Moreover, since (8.9) holds, we have that 

n-2 



n — 2 



Ma(Mj,a + \Xa+raX--K,p'^{Xi^a)?) 



= (1 + 0(1))' 



Ma(ML + - 7rv:.^(a;i,a)|2) 
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Assume that i £ I: in this case, we have that — 0{fia) when a —J- +00. Since 
in addition \xo: — 7r~^(a;j,a)| > d{xa,dQ,) and (8.9) holds, we have that 

hm !«l!^i^^^±I^i^ =Oifie J. (8.16) 

Assume that i ^ I. Since \xa — Xi^a\ = 0{\xa — 7r~^(a;i,c«)|) when a +00, we 
have that 

when a — >■ +00. 

Plugging (8.11)-(8.17) into (8.10) and using Proposition 13, we get that 

Hm t;„(x) + y Ai|a;-6'ip-" (8.18) 

for all X G R" \ {6*4/ i G /}, where if, /', and arc as in (8.3), (8.4) and (8.5). 
Moreover, as easily checked, this convergence is uniform on every compact subset 
of M"\{6ii/ie7}. 

Step 6.1.6: We claim that (8.2) holds. We prove the claim. It follows from 
equation (1.3) that 

Ai;„ + rle^v^ = n(n - 2) i-^*"! in 5,^(0) (8.19) 

for all Q e N. Since = o(ja) when a — ^ +C!0, it follows from (8.18) and standard 
elliptic theory that (8.2) holds. This proves the claim. 

This ends the proof of Proposition 6 in Case 6.2. 

Case 6.2: We assume that 

d(a;a,9f2) 
hm — ^ = p 

with p G [0, +00). In particular, limQ,_^+oo Xa ~ £ dfl. Wc consider the domain 
Uxo, the extension g of the Euclidean metric ^, the chart (p and the extension Wq, 
defined in Lemma 2. Let R> and let a > large enough such that 

BR{())cr-\^-\U,,)-^-\x„)). 

Let us define {xi^a,x'^) := (p~^{xa) with xi^a < and x'^ G R"~^. Therefore, as is 
easily checked, we have that for any x G Bji{0), 

(p{ip~^{Xa) + TaX) G Q. X\ < —. 

We consider the extension Ua of Ua defined as in Lemma 2. In particular, the maps 
ip, TT, n, TTip, TT^ refer to the point xq- Given i G {l,...,Ar}, it follows from the 
properties of the Vila's (see Proposition 13) that 

ViA^-\x)) = (1 + o{l))ViM + 0(Mi,^ ) (8.20) 
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when a — ?• +00 uniformly for x G Uxg (up to taking Uxq a sufficiently small neigh- 
borhood of xq in M"). Therefore, it follows from (7.1) that 



.(a;) = (1 + 0(1)) (^Ua + J^Vi 



when a — )• +00 uniformly for x G U^a H f2. Consequently, using (8.20) and (8.14), 
for X e -Bjj(O), we have that 

v^{x) = (1 + 0(1)) f ^ + f: rl--yiA^{{x,^x'^)+r^x)) \ 

\ l^a^ i=l Ma^ / 

when a — )• +00 uniformly for x G -Bfl(O). Here again, we distinguish whether i G I 
or not. 



Step 6.2.1: we fix i e /°. Then there exists Tj > 1 such that 

^(1)) 



r-g "^Vi^ajipiixi^cx'J+rcx)) ^ ( Mi.a'^a 



Ma 



(8.22) 

for all X e Bfi{0) and all a € N. The proof goes as in Case 6.1 above and we omit 
it. 

Step 6.2.2: We fix i e /. Mimicking what was done in Case 6.1.1, we define 

for all i G /. Using that dipo is an orthogonal transformation and proceeding as in 
Step 6.1.1, we get that 

r2-'U.,aM{x,,^,x'J + r^x)) _ ^;|2-„ + ^(^^ (g ^S) 

for all X e B]i{0) \ {0i} when a — >■ +00. Here again we omit the proof and we refer 
to Step 6.1.1. 

Step 6.2.3: We fix i e /. In particular, lima_^+oo We assume that 

Xi,a ^ dfl for all a e N. We then have that 



-(1-24) 



for all a e N and all x € Br{Q). Here, note that since we work in a neighborhood 
of xo, we use the maps ip, tt defined above. We define ((a;,,c«)i, a;- „) := ^p~^{xi^oi) 
for all a G N. We have that 

|</?((a;i,a,X^) + TaX) - 7r~^(xi,a)| = \<p{{xi.a , x'^) + TaX) - O TT"^ ((a:i,a , X^) +rocOi,a)\ 
= (1 + 0{l))\{Xi^a,x'^) + TaX - TT" ^ (xi^a , X^ ) - TaTT" ^ (fiij^a) | 



(l + o(l))ra 



(^2^,0j+x-n-^ei,^) 



(8.25) 
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independently, since d(po is an orthogonal transformation (this is due to the choice 
made in Lemma 2), we have that 

d{x„, dCl) = (1 + o(l))|a;i,„| (8.26) 

when a — >■ +oo. In particular, 

Q->-+oo Ta 

Since xi^a < 0, plugging together (8.24), (8.25) and (8.26), we have that 

rr^t7,.Mxi,a.<) + r.x)) ^/ ^.^ f^')^Vx-.(^Or"+«(l) (8-27) 

when a — > +oo uniformly on compact subsets of M" \ {cr{6i)}. 
Step 6.2.4: Given i e J', we define 

71-2 

^ / Mi,a \ ^ f 1 if Xi,a ^ dQ for all a € N 

* ' Q^+oo \ J 11 if € 9^1 for all a e N 

It then follows from (8.21), (8.22), (8.23), (8.27), Step 6.1.4 and Proposition 13 that 

lim Va{x)=K + y Xi{\x-9i\^-" + \x-a{0i)\''-'') (8.28) 
iei' 

uniformly for all x in compact subsets of M" \ {^j, fT(^i) / i G I}, where K is defined 

in (8.5). We define the metric ga := {ip*g){Lp~^ (xa) + rax) for x G i~a^ {^~^ (Uxo) — 
(p~^{xa))- With a change of variables, equation (1.3) rewrites 

A - I 2 ~ f Ma \ -2*— 1 

weakly in i?i?(0). It then follows from standard elliptic theory that (8.28) holds in 
C/q^. This proves (8.7), and this concludes the proof of Proposition 6 in Case 6.2. 

Proposition 6 is a direct consequence of Cases 6.1 and 6.2. □ 
8.2. Convergence at appropriate scale. We fix i e {1, ...,N}. We define 
Ji ■= {j ¥= i/ IJ'^a = Oinj^a) when a +oo}. 

We define also 

min < -^^,minjej, (^(Mj,a + kj,a - a^i.aP)) ^ > if Xi,a e dCt 

min I min, p J, (^!^{fj,l^ + \xj^a - Xi^al"^)^^ ,d{xi^a,dn)^ if Xi,^ ^ dil. 

(8.29) 

Applying Proposition 6, wc get the two following propositions: 
Proposition 7. Let i £ {1, ■■■,N} and assume that 

lim feiM = +oo. 

a— )-+cso Si a 
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For X e s^a{^l — Xi^a), we define 



s"~2 

^i,a(*^) n-2 '^Oiip^i^a ~t~ ^i,a*^)* 

Mi, a 

VFe define 

h '■= {j S {Ij N}/ Xj^a — Xi^a = 0(si,a) a^ii^ A*j,a = o(si,a) w/ien a — > +00} 
and 

Oj := lim jor all J G li- 

Then there exists Vi G C^(M" \ {dj/ j G /J) such that 

lim = V, in Cl,{W \ {d,lj e h}). (8.30) 

In addition, there exists K > and Xj > for all j € I[ := {j & li/ jJi^a A*j,a} 
such that 

Vi{x) = K +J2>'j\x- ^jf for all a; e M" \ {Oj/ j € li}. (8.31) 

Moreover, there exists S > 0, there exists A- > and ipi G C'^{B2s{0)) harmonic 
such that 

Vi{x) := + iPi{x) for all x € £25(0) \ {0} with V'i(O) > 0. (8.32) 

Proposition 8. Let i G {1, AT} and assume that 

d{xi^a,dn) 
lim ■ = pe [0, +00). 

In particular lima_,.+oo Xi^a = xq € dfl. We let (p be a chart around xq as in Lemma 
2. For X e s^^{0, — Xi^a), we define 

5^-2 

Vi,a{x) := -^^Ug O (p{(p~^ (Xi^a) + Si^gX). 

We define 

h '■= {3 € {1, N}/ Xj^a - Xi^a = 0{si^a) and jjLj^a = o{si^a) whcn a +00} 
and 

lim ^~^i^3,o)-^-\xi,g) ^iij^j, (833) 

We define a{xi,x') := {2p — Xi,x') for all {xi,x') G M". Then there exists Vi G 
C2(]R" \ {6j,a{ej)/ j e h}) such that 

lim Vi,g = Vi in CL(M" \ {6j,a{ej)/ j e h}). (8.34) 

a— >+oo 

In addition, there exists K >Q and Xj > for all j G I[ := {j G lij fii^a ^ 
such that 

Vi{x) = K+Y, Aj {\x - fiijp-" + \x- (t(6Ij)|2-") for all x G W\{ej,G{ej)/ j G h}. 

(8.35) 
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Moreover, there exists 5 > Q, there exists > and ipi G (52^(0)) harmonic 
such that 

vAx) := , , ' + V<(a;) for all x e ^25(0) \ {0} with tpAO) > 0. (8.36) 

Proof of Propositions 7 and 8: Wc apply Proposition 6. 
Step 7.1: we claim that points (i) to (v) of Proposition 6 hold with 
Ma l^i,a and ra '■= Si^a for all a S N. 

We prove the claim. 

Step 7.1.1 We claim that (i) holds. 

We prove this claim via two claims. We first claim that 

lim Si a = 0. (8.37) 

a— >+oo ' 

We prove the claim. Indeed, it follows from the estimate (8.15) and the definition 
(8.29) of Si^a that 

n — 2 

This proves (8.37). This proves the claim. 
We claim that 

Mi, a = o{si^a) when a +00. (8.38) 
We prove the claim by contradiction. Assume that Si_a = 0{fii_a) when a — >■ +00. 
Since lima^^ao l-i'ia'^ixi,a,dfl) = +00 if Xi^a ^ dil (see Proposition 2), it then 
follows from the definition of that there exists j G Ji such that 

/"j,a + - a;j,c<|^ = 0{i^i^al^j,a) when a +00. (8.39) 
In particular, /ij_Q, = 0{p.i^a) when a — >■ +00. Since j e Ji, we then get that 
Mj,o: ^ l^i,ct when Oi y +00. It then follows from (8.39) that Xj^ct *^i,a 
when a +00. A contradiction with point (ii) of Proposition 2. This proves that 
(8.38) holds. This proves the claim. 

These two claims prove that (i) holds. This ends Step 7.1.1. 

Step 7.1.2: Let k G {1,...,A''}. We assume that Xk,a — Xi^a = 0{si^a) when 
a +00. We claim that 

Si,a ^ l^k,a when a — )• +00. (8.40) 

We prove the claim by contradiction and we assume that 

Si,a ^ Mfe,a when a — )• +00. (8-41) 

Since fii_a — o{si_a) when a — > +00, wc then get that /ii,,,. = o{p-k.a) when a +00, 
and therefore k G Ji. It then follows from the definiiton of .5^,0, that 

when a — > +00, and then Sj „ = o{^k.a) when a — > +00: a contradiction with 
(8.41). Then (8.40) holds and the claim is proved. This ends Step 7.1.2. 

Step 7.1.3: Point (iii) is a straightforward consequence of the definition (8.29) of 
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Step 7.1.4: We let j S {1,...,N} be such that xj^a — Xi^a = 0{si^a) and fij^a = 
o{si^a) when a +00. We claim that 

Atj,a = 0{in^oi) when a +00. (8.42) 

We prove the claim by contradiction and we assume that 

= o{iij^a) when a — )• +00. (8.43) 

Therefore, j G Ji and we have with (8.38) that 

4a < 7r^(Mia + \Xi,a - Xj,af) = o(m|,c«) + o{slJ = o{slJ 

when a +00. A contradiction. Then (8.43) does not hold and (8.42) holds. This 
proves the claim and ends Step 7.1.4. 

Step 7.1.5: Let j G {1, .■.,N} be such that lim„^.+<x, = +00. We claim 

that 

2 

^''"^^'^ = 0(1) when a +00. (8.44) 



We prove the claim. Assume first that nj^a = o{fii^a) when a — )• +00: we then get 
that 

sIm,'^ - O f ^ . ^^^^^ = 0(1) 



fJ'i^ai^f^j^a ~^ \Xi^oc '^jjaP) V Mz,a |^i,a ^j,a|) 

when a +00. This proves (8.44), and the claim is proved in this case. 
Assume that fii^a = 0{iJ,j^a) when a — )• +00. Then j G Ji and (8.44) follows from 
the definition of Sixa- 
in the two cases, we have proved (8.44). This proves the claim and ends Step 7.1.5. 

Step 7.1.6: Let j e {1, N} be such that Xi^a—Xj^a = 0{si^a) and Si^a = o(Mi,a) 
when a — )• +00. We claim that 

2 

= 0(1) when a +00. (8.45) 



We prove the claim. We first assume that nj^a = o(/Ui,c«) when a — >■ +00. We then 
get that 

^i,aN,o: ~ O ( [ — 0(1^ 

when OL — > +00. Then (8.45) holds in this case. The case /ij^^ = 0{p,j^a) when 
a — )■ +00 is dealt as in Step 7.1.5. This proves (8.45) and then the claim. This 
ends Step 7.1.6. 

Step 7.1.7: point (v) is a consequence of Steps 7.1.5 and 7.1.6. 

Therefore, points (i) to (v) of the hypothesis of Proposition 6 are satisfied with 

This ends Step 1. □ 

Then we can apply Proposition 6 with := Sj^^ and fia '■= f^i,a- 

Step 7.2: we assume that 

hm feiM = +oo. (8.46) 

a->-+oo Si n 
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It then follows from Proposition 6 that there exists Vi as in Proposition 7 such that 
(8.30) and (8.31) hold. Moreover, there exists {Tj)j such that 



K = lim 



step 7.2.1: We claim that 

K >0ov3j e I- such that ^ 0. (8.48) 

We prove the claim, li K > 0, then (8.48) holds. We assume that = 0. It then 
follows from (8.47) that 



^ 4« = ° ( — (Mi,a + \xi,a - Xj,af) ) for all j ^ li (8.49) 



when a — >■ +cxd. The definition (8.29) of Sj,a, (8.46) and (8.49) yield the existence 
of j G lid Ji such that 

<a = 77^(4a + k.,a-^i,aP) (8-50) 

for all a G N. Since j & Ji, we have that 

A*i,a = 0{iJLj^a) when a +00 and j 7^ i. (8.51) 
Moreover, since j G h, we have that 

Xj,a - Xi,a = 0(Si,a) and fXj^a = o(Si,a) (8.52) 

When a +00. It then follows from (8.50), (8.51) and (8.52) that 

Mi, a ^ and |a;i,c« — Xj^a\ ^ Sj.a when a — >■ +00. (8.53) 

In particular, j e I[ and ^ 0. This proves (8.48) when K = {). This proves the 
claim and ends Step 7.2.1. □ 

We set 

5 := i min{|0, |/ j e h and ^ 0}. 

We define 

for all a; e i?2<5(0) where 7," := {j G li/ 9j ^ 0}. Clearly ipi is smooth and harmonic 
on 5^(0). We define = that one has that 

v^{x) = + Mx) for all X € £25(0) \ {0}. 

\x\ 

Note that > A, > 0. 
Step 7.2.2: We claim that 

Vi(0) > 0. 

We prove the claim. Indeed, ii K > 0, the claim is clear. If if = 0, it follows from 
(8.48) that there exists j G Ii \ and then tpiiO) > Aj|6'jp-" > 0. This proves the 
claim. 

Proposition 7 is a consequence of Steps 7.1 and 7.2. □ 
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Step 7.3: we assume that 

lim feiM=p>o. (8.54) 

In this case, the proof of Proposition 8 goes basically as the proof of Proposition 7. 
We stress here on the differences. 

It follows from Proposition 6 that there exists Vi as in Proposition 8 such that (8.34) 
and (8.35) holds. We define 



5:=- min{|^,|/ j e h and ^ 0}. 



1 
2 

We define 

^.(.):=if+E/.(M.I^-"+l--(^.)l^-")+{ ll%tl 

for all X e -825(0) where /»" := {j G h'" / Oj ^ 0} and > is as in Step 7.2.1. In 
particular, as in Step 7.2, we have that 

A' 

for all X e 525(0). 
We claim that 

^ii^i) > 0. (8.55) 

Wc prove the claim. As in Step 7.2.2, (8.55) holds if K > 0. Assume that K = 0. 
Arguing as in Step 7.2.1, we get that 

cither Si^a = d{xi^ond^) and Xi_a ^ 

or there exists j S fl Ji such that = ^jf-(M|,a + l^i.a ~ a;i,aP) 
Step 7.3.1: we assume that 

for all a G N. In particular, it follows from (8.54) that that p = 1 > and then 
a{ei) = ct(0) = (2p,0) ^ and then i^i(0) > A<|f7((9i)p-" = \'i{2pf-" > 0. 

Step 7.3.2: we assume that there exists j G lid Ji such that 

for all a e N. Mimicking what was done in Step 7.2.2, we get again that V'i(O) > 0. 

In all the cases, we have proved that tpi{0) > 0. This proves (8.55), and then ends 
Step 7.3. □ 

Proposition 8 is a consequence of Steps 7.1 and 7.3. □ 
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9. Estimates of the interior blow-up rates 

This section is devoted to tlie analysis of the concentration at the points Xi^a 
away from the boundary. 

Theorem 3. Let i G {1,..., A''}. We assume that 

hm = (9.1) 

Then n > 4 (equation (9.1) does not hold in dimension n = 3). Concerning the 
blow-up rate, there exists Cj > such that 

li'?- ifn>5, (9.2) 

1 

lim ectslo, in - 

a— >+oo ' l_ 

and 



,n—4 



lim ecSj Q, In = a if n = 4. (9.3) 



Si^a = o{d{xi^a,d^)) (9.4) 
when a +oo. Moreover, when n>7, we have the following additional informa- 
tion: 

— ^ I when a +oo, (9.5) 
and there exists j € {1, ■■■,N} such that jJi^a = o(/Uj,c«) when a — > -|-cxd and 



^i.a — ( (a*-), a ~^ \-^i,a •^j,a\ ) ) 



for all a eN. 



Proof of Theorem, 3: 

For X e s~l^{Q. — Xi^a), we define 

^z,a(»^) n-2 ^a(^i,a ~t~ ^i,a*^)* 

Mi, a 

Step 3.1: We claim that there exists S > such that Vi,a is well defined on 5^(0) 
and such that there exists Vi e C'^{Bs{0) \ {0}) such that 

lim Vi,c. = Vi in Cl,{B2s{0)\{0}) (9.6) 

where there exists > and tpi G (7^(^25(0)) such that Atpi = and 

= Tl^ + 'i'ii^) for all X e ^25(0) \ {0} with Vi(0) > 0. (9.7) 

We prove the claim. Indeed, since q ^ dO,, it follows from the definition of Si^a 
that 

> 1 (9.8) 
for all a G N. In particular, Vi^ot is well defined on -61/2(0)- 
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Assume that lirtia^+oo '^^^^•"'^^^ = +00: then (9.6) and (9.7) are direct conse- 
quences of Proposition 7. 

Assume that limQ_).+oo = p>0- it follows from (9.8) that p> 1 and that 

lima^+oo = xo G OQ. Using that the chart (p around xq is such that dipQ is an 
orthogonal transformation and that Ua coincides with Ua on ^l, we get (9.6) and 
(9.7) thanks to Proposition 8. 

This proves the claim and therefore ends Step 3.1. 
Taking 6 > smaller if needed, for any j G {1, A''}, we have that 
Xj,a — Xi^a 7^ o{si^a) when a +00 \xj^a — Xi^a\ > 26si^a for all a e N. (9.9) 

Step 3.2: Let U he a. smooth bounded domain of M", let xq S M" be a point and 
let u e C^iU). We claim that 



n — 2 

{x - xq)'' dkuAu dx -\ — / uAudx (9.10) 

2 .Ijj 



f ^|Vwp ^ ,fc^ n-2 \\ , 
= J lix-xo,^) — di,u y{x - xo) OkU -\ j "'^ 

We prove the claim. Indeed, this is the celebrated Pohozaev identity [30]. We 
sketch a proof here for convenience for the reader. We have that 

/ {x — xo)''dkuAu dx + ^ 1 uAudx 
Ju 2 Jjj 

= J —djdjU ^{x — xof^dkU + — ib^ dx 

= f djudj ( (x — xn)'^dkU + — — -u] dx — f d^u \ (x — x^)^ dku + — — da 
Ju \ ^ J Jau \ 2 ; 

= ^ / |VM|^da;+^ / {x-xofdk\Wu\^dx~ j d,,u[{x - xo)''dkU+^^^—^u \ da 
^ Ju ^ Ju JdU \ ^ J 

= j 9k (^{x - xo)''^-^^'^ j (^^ ~ xofdku + ^^-y^w^ da 
= j {{x - xq.v)^^^ duui^x - xo)^dkU+^^-;^ii^ da. 

This proves (9.10), and therefore the claim. This ends Step 3.2. 

As a consequence, differentiating (9.10) with respect to xq, we get that 

/ dkuAudx = [ {^k^—^ dvudkv\ da (9-11) 

Ju Jau V 2 / 

Taking u := Ua, using equation (1.3) and integrating by parts, we get that 



e^fuldx = I f(x-xo,i^)f^^-c„^ + ^) (9.12) 
Ju Jau 



2 2* 2 



-d„Uoc [x - xo) dkUa H T^—Ua da 
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where here and in the sequel, we define Cn :— n{n — 2). Taking i e {1, ...,iV} such 
that (9.1) holds, and (5 > as in Step 3.1, we let U := Bss^^^ixi^a) CC O and 
xq := Xi^a in (9.12). This yields 

En 



a U^dx = ({X-Xi^a,v) 



|V«„|2 


"a 


2 


" 2* 


^-2 ^ 




2 


))cia. 



We now estimate the LHS and the RHS separately. 

Step 3.3: We claim that there exists c > such that 

f 2, / /inn2 fl ifn>5 

/ «„rfa; = (c + o(l))/x,,„-<^ if 



(9.14) 



when a — >■ +00 



We prove the claim. We assume here that n > 4. It follows from (7.1) and the 
estimate (11.33) that 

1 



/ uldx > C [ Ul^dx = Ciil^ I 



(l + |0|2^"-2 



„ r 1 if n > 5 , , 

for all a e N. 

We now deal with the upper estimate. With the upper bound (7.3), we get that 
uldx (9.16) 

BdSi^^ {Xi,a) 

"-2 

<C I uldx + C^ f ^1 dx 



S5si,„(a:i,a) ~[J Bssi_^{xi,c) V^^j,a + 1^ ~ ^J>«P 

We deal with the different terms separately. 
Step 3.3.1: We claim that 

/ u'idx = 0{iifj when n > 4 (9.17) 

when a — )■ +00. We prove the claim. Indeed, with the definition (8.29) of Si^a, we 
have that 

/ uldx = 0{sl„ul) = 0(4a«P) = o(M'a) 

J Bs,^_^{x,,^) 

when a +00 since n> A. This proves (9.17) and ends Step 3.3.1. 
Step 3.3.2: We let j G {1, ...,N} such that 

H,oc = 0{ni,a) (9.18) 

when a — >■ +00. We claim that 

(s n-2 
,2 ,2 dx<C,U.{l^ ^lll (9.19) 
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when a — )■ +00. We first assume that n > 5. Estimating roughly the integral, we 
get with the change of variable x = xj^a + l-^j,aZ and with (9.18) that 



xn-2 / 



I 

when a — > +00 since n > 5. This proves (9.19) when n > 5. When n = 4, we must 
be a little more precise. Assume first that Xi^a — Xj^a = 0{si^a) when a — >■ +cxd. 
Then we have that 



/ ( X dx< [ ( 



dx 



dz „ f o , Si 



when a — >■ +00. Assume now that Si]^Xi^a — a^i,a| — >■ +00 when a — >• +00. Then 
for any x G Bgsi^^ {xi,a), we have that \x — Xj^a\ > Si.a and then 



Bs^^^ix^^a,) \ + I2; - a;j,ttp 



\ dx < = 0(mL) = O Ulo. In ^) 



when a — >■ +00. These estimates prove (9.19) in case n = 4. This ends Step 3.3.2. 
Step 3.3.3: We let j e {1, ...,N} such that 

/"i,a = o(Mj,a) and a;i,Q; - a;j> ^ o{si^a) (9.20) 
when a +00. We claim that when n > 4, we have that 

n-2 

when q; — )■ +00. We prove the claim. It follows from (9.20) and the definition (9.9) 
of 5 that \xi^a — Xj^a\ > 2^Sj^„ for all a e N. In particular, 

and therefore 



\ n-2 



(9.22) 

when a — >■ +00. Moreover, it follows from (9.20) that j G Ji, and then 

sl^<^{f^l^ + \x,,^-xj,^\') (9.23) 
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for all a e N. It then follows from (9.22), (9.23) and (8.38) that 

/ \ n-2 / / ^ n-2N 

^'^^ 1 dx = s?l 



when a ~> +oo since n > 4. This proves (9.21) and ends Step 3.3.3. 
Step 3.3.4: We let j e {1, ...,N} such that 

= oilIj,a) and Xi^a - Xj^a = o(Si,a) (9.24) 

when a — >■ +C!0. We claim that 

(\ n-2 
^2 .T, p dx = 0{„lJ when n > 4 (9.25) 

when a +oo. Wc prove the claim. As in Step 3.3, it follows from (9.24) that 
j e Ji- In particular, using the definition (8.29) of Sj^a and the second assertion of 
(9.24), we get that 

4a < 7^(/^L + - a;^, aP) < + o(s,^,„) 

when a — >■ +og, and then s?^ = 0{fn^a^J'j,a) when a — >■ +cxd. Consequently, we get 
that 

=° (fe) 

when a +oo since n > 4. This proves (9.25) and ends Step 3.3.4. 

Plugging together (9.17), (9.19), (9.21) and (9.25) into (9.16) and combining this 
with (9.15), we get (9.14). This proves the claim and ends Step 3.3. 



We define 

-^i,a ■ ~ I ( {x ~ Xi^aj { ^ C; 



|VU„|2 



2 " 2* 2 



-d^Ua (^{X - Xi,a)''dkUa + (9.26) 



for all a e N. 

Step 3.4: Assume that n > 3. We claim that 



(n-2)^.„_,A^^.(0)^^ X /M^y- (9.27) 



2 7 \s . . 

when a ^ +oo. Here, uJn-i denotes the volume of the unit (n — 1)— sphere of 
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We prove the claim. With the change of variable x — Xi^a + Si,a-z and using the 
definition of Vi^a, we get that 

\Si,ay JdBs{0) \ \ \^i,ay ^ ) 



for all Q € N. Since Vi^a Vi in Cfg^{B2s{0) \ {0}) when a — >■ +cxd, passing to the 
limit, we get that 



-d^Vi (^x'^dkVi + — y— ^ da + o(l)^ 

when a — +00. Wc let e G (0, S) and wc apply the Pohozaev identity (9.10) to Vi 
on -85(0) \ -Be(O) with xq — 0. Since Avi = 0, we get that the map 



JdBJO) \ 



e 1-^ / [{z,v)[ ] - d^Vi [x'^dhVi + ^^-^Vi ] ] da 

e(0) 



lim / ( {z, v) ( ) - d,,Vi ( x'^dkVi + —^Vi ]] da= „ 



is constant on (0, S\. With the explicit expression (9.7) of Vi, we have the asymptotic 
expansion 

„) (^) - (.'8.„. + li^.,) . + 0(1.1-) 

when |x| — >■ 0. Consequently, we get that 

/ (('•-'(- 

JdB^O) \ \ 

and then 

JdBsiO) \ \ 

Plugging this equality in (9.28) yields (9.27). This ends Step 3.4. 
Step 3.5: We claim that there exists Cj > such that 

CaS""^ 1 

1™ = Cj if n > 5 and lim e^sf „ In = if n = 4. (9.29) 

Indeed, plugging (9.14) and (9.27) into (9.13) yields 

/ ^ 2 / (n-2)V_iA^V;,(0) , \ /^i.c^""' 
(c + o(l))e„ML = ^ + 0(1) • — 



when a ^ +00 when n > 5. Since c, X[,tpi{0) > 0, we get that 
lim ^ (n-2)^a;„-iA;V>,(0) 

This proves the claim when n > 5. The proof is similar when n = 4. 
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Step 3.6: we claim that 

Sia = o\ I when n > 7. (9.30) 

when a — >■ +oo. We prove the claim by contradiction. Indeed, if (9.30) does not 
hold, it follows from the definition (8.29) of Si^a that 

4. 



when a — )• +oo. Plugging this identity into (9.29) yields 

n-6 

when a +oo. With (2.4), we then get that 

a contradiction since n > 7. Then (9.30) holds and the claim is proved. This ends 
Step 3.6. 

Step 3.7: Assume that n > 3. We claim that 

hm = (9.31) 

Q— S-+00 Si^a 

We prove the claim. We argue by contradiction and we assume that 

hm feilM=p>o. 

a-)-+oo Si^a 

It follows from the definition (8.29) of Si^a that p > 1 > 0. We adopt the notations 
of Proposition 8. We let jo € ![ such that 

= niin{^^,i}. (9.32) 

Here, 9j^i denotes the first coordinate of 9j. 

Step 3.7.1: We claim that there exists eo > such that 

d{xja^a,dCl) > eoSi^a (9.33) 
for all a E N. Wc prove the claim by contradiction and we assume that d{xjQ^ay 9^) = 
o(si,a) when a —J- +oo. In particular, via the chart ip, we get that 

(^iWOli^Oand lim i^I^l^ = -p < 0. 
Coming back to the definition (8.33) of 9jg , we get that 

ej,,= hm (^-^(w)-'^-^Kc.))i^^^o^ 

A contradiction since Oj^^i < = 0. This proves (9.33) and ends Step 3.7.1. 
Step 3.7.2: We let > such that 

Jo < § and Oj ^ Oj, => \ej - 6^,1 > 26o. 
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Taking the Pohozaev identity (9.12) with U := -B^gg.^ (x^^^a) CC and differenti- 
ating with respect to xo, we get that 

i^k f - + '-^) - d.u^dku^)) da = (9.34) 

for all a G N and all k € {1, ...,n}. With the change of variable x = Xi^a + Si,c«-2 
and using the function Vi^ai we get that 

2 „,2* ^ „2 „,2 \ \ 



idl 



L 



'^k I ;7 c„ ( ^ ) -^^ H — ^ I - d^Vi^adkVi,a) ] da = 



(9.35) 

for all a — ^ 0. Letting a — >■ 0, we get with (9.6) that 

/ (^k^-^^ - d^VidkVi)] da = (9.36) 

for all fc e N. It follows from (8.35) that 

Vi{x) = if +^Aj(|a; -0jf-" + |a;- (7(^^)1^"" 

+V'i,,o(^) 



9,0 1"-' 



where A' , > and 

V.,,,„(x) ■.= K + X,,\x - a(0,jr" + ^ A,(|x - + |x - a{0j)\'-^ 

jeii" 

where 7^" := {j £ I^/ 6j ^ Arguing as in Step 3.4, we get that (9.36) holds on 
balls with arbitrary small positive radius and then we get that 

^fcV'i,jo(^jo) =0- 

Taking fc = 1, we get that 

. (^.c-^(^.o))i , V- . ^ (fa^Mi . - n rq 

Recall that if = {6j^\,6'j), then cr(^j) = (2p — dj^i,d'-). In particular, since 
a;j,o; € fi, we have that 6j e {a;i < p} and then for all j G li" , we have that 

dj^i < ej,i < {a{ej))i. (9.38) 

In addition, we have that 

(0,0 - '^{d,„))i = mo.i ~p) = -ne,„A + p) < 0. (9.39) 

Plugging (9.38) and (9.39) into (9.37) yields a contradiction. This proves that (9.31) 
holds. This ends Step 3.7. 

Step 3.8: We assume that n > 3. We claim that 

Xj,a — Xi^a = o(si,a) when a — )• +0O for all j G I[. (9.40) 

We prove the claim. Since (9.31) holds, we define Vi^a and Vi as in Proposition 7. 
In particular, we have that 

Vi{x)=K+Y,\\x-03?-'' 
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for all a; e M" \ {Oj/ j G h). We fix G {1, n} and we let jo € ![ such that 
We let 7i" := {j e I^/ 6j ^ Therefore, there exists A-^^ > such that 



Vi{x) = - — 
F ■ 

where 



X (7 jo I 



ieii" 

Taking 5 < niin{|(?j|/ 6j ^ wc use the identity (9.34) as in Step 3.7. Performing 
the change of variable x = Xi^a + Si,aZ, we get again that 

With the explicit expression of ipij^ , this yields 

Since {9j — 9jg)k > for all j S /i" by definition, we get that 6j^k = djg^k for all 
j € /j", and therefore for all j € In particular, 6j^k = Si,k for all k & N, and 
therefore 9j = 0i = for all j e Coming back to the definition (8.33) of 9j, we 
get that (9.40) holds. This ends the proof of the claim and of Step 3.8. 

Step 3.9: Assume that n > 7. We claim that there exists jo G Ji such that 



Si,a = I -^{fJ-j.a + \Xi,a " Xj^a\ ) ) and fj-i^a = o{fIj,a) (9.41) 

when a — > +00. We prove the claim. Indeed, it follows from the definition (8.29) 
of Si^a and (9.30) of Step 3.6 and (9.31) of Step 3.7 that there exists j G Ji such 
that ^ 

^i,a ~ [ ' il^j,a ~^ \Xi,a •'^J,c«| ) J (9.42) 

for all a € N (up to a subsequence, of course). Since j € Ji, we have that iJi^a = 
0{^ij,a) when a — >■ +00. Assume that Hi^a ^ when a — >■ +00: then it follows 
from (9.42) that xj^a — Xi^a = 0{si^a) when a — > +00, and then j e It then 
follows from (9.40) of Step 3.8 that we have that Xi^a — Xj^a = o{si^a)- Coming 
back to (9.42), we get that Si^a ^ Mi, a when a +00: a contradiction with (8.38). 
Therefore (9.41) holds, and the claim is proved. This ends Step 3.9. 

Step 3.10: We assume that n = 3. It follows from (9.27) and (9.13) that 

f uldx^^ (9.43) 

when a — >■ +00. It follows from (7.1) that 
/ uldx = (1 + 0(1)) / 

J Bi^._^{xi,a.) Jb, 

^ f 



N 
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when a — ?• +00. We distinguish three cases to get a contradiction. 
Step 3.10.1: we assume that 



uldx^sl^ul (9.44) 

when a +00. It then follows from (9.43) that easf x /J-i.a when a +00. 

Moreover, since Si^a < Ih^a^a^ by the definition (8.29), we get that = o{iii^a) 
when a — >■ +cxd. This is a contradiction with (8.15). Then (9.44) does not hold. 
Step 3.10.2: we assume that there exists j G {1, A''} such that s,,a = 0{\xi^a — 
Xj^a\) and 

/ rfa; X ;Uj,a / {nj „ + \x - Xj^afy''' dx (9.45) 

when a — )■ +00. Here again, since \x — Xj^a \ >i \xi,a — Xj,a\ for all x € Bgsi^^{xi^a), 
it follows from (9.45) and (9.43) that 



when a — > +00. In particular, since s^q, = OQxi^a — Xj,a\), we get that /Xj^a = 
o(/Uj,a) when a — )■ +c», and then j G J,;. Therefore, wc have that 

Sj,a — i^^j,a + |2^i,a ~ ^i," I ) 

for all a e N, and it then follows from (9.46) that 1 = 0(eaS?„) = o(l). A 
contradiction. Therefore, (9.45) does not hold. 

Step 3.10.3: we assume that there exists j € {1, N} such that \xi^a — Xj,a\ = 
o{si^a) and 



/ U^dx^^Hj^a / [jl] ^ + \X - Xj^a?) ^ dx 



(9.47) 



when a — >■ +00. A change of variable then yields 
when a — >■ +00. Therefore, 

when a — >■ +00. It then follows from (9.43) that 

^alJ'j,asla ^ l^i,a max{/ij,„, Sj,a}^ (9.48) 

when a +00. In particular, we have that /ij^a = o{fi.j^a), and then j e Ji- 
Therefore, we have that 

2 ^ f^i,a / 2 I I |2n ^ _l_ 2 

and then Si^^ = 0(^Mi,aMi,a) = o{fij^a) when a — >• +00. Then (9.48) becomes 
^asfa >; IJ'i,alJ'j,a when a — )■ +00, a contradiction since = 0{fii^af^j,a) when 
a ^ +00. Therefore, (9.47) does not hold. 
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In all the situations, we have proved a contradiction. Therefore the hypothesis (9.1) 
of Theorem 3 does not hold in dimension n = 3. This ends Step 3.10. 

Step 3.10: Theorem 3 is a direct consequence of Steps 3.5, 3.6, 3.7, 3.8 and 3.10. 
This ends the proof of Theorem 3. □ 

In the sequel, we need to translate slightly the boundary concentration points: we 
fix G IR"~i and for all i G {1,...,A^} such that Xi^a G d^, we define Xi^a '■= 
(fi{(p~^ (xi^a) + l^i,a^) € dSl for all a e N. The parameter 6 is chosen such that there 
exists eo > such that 

\xi,a - ij.al > eoM»,a (9-49) 
for all i, j e {1, N} distincts such that Xi^a, ^i.a € dCl and all a S N. We define 
5i,a as Si^a with replacing Xi^a by easily checked, for any i £ {1,...,N} 

such that Xi^a & dQ, we have that ^ Si.a when a +00. From now on, we 
replace Xi^a by Xi^a- As easily checked, the convergence Propositions 7 and 8 and 
the estimates (7.2) and (7.3) continue to hold with this new choice of points (with 
Tj > only in the propositions). Note that the convergence (4.1) of the Ui^a in 
Proposition 2 is changed as follows: 

^lim^ ll^i.c - Uo{- + mc-{Knn.,^) = 0- (9-50) 

10. Estimates of the boundary blow-up rates 

In this section, we deal with the case when the concentration point is on the 
boundary. 

Theorem 4. Assume that n> 3. Let i e {1, N}. We assume that 

Xi,a e dQ. (10.1) 
for all a e N. We assume that for all j G {1, N} \ {i}, we have that 

Xj,a € dCl => Xj^a — Xi^a 7^ o(s,,a) wkeu a — )• +0O (10-2) 
when a — )• +00. Then there exists c'- > such that 



lim„^+oo = -c-i?(x'o) ifn>4:, 
limg^+oo . 1 = -c'iHixo) ifn = 3, 



(10.3) 



Where xq := limc_>._|_oo Xi^a and H{xq) denotes the mean curvature of dO. at xq. In 
particular, H{xo) < 0. 

Proof of Theorem 4^ As for Theorem 3, the proof relies on a Pohozaev identity. 
Here, we have to consider the boundary of ft. For any a € N, we define 

Uc, := Bss,J^-\xi,c.)) (10.4) 

Step 4.1: we apply the Pohozaev identity (9.12) on ip{Ua)r\Q. = ip{Uar\R1) with 
2^0 = Xi^a- This yields 



uidx= / Fc,da (10.5) 



[ F^da+ [ 



Fa da 
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where for convenience, we have defined 



Foe ■■= {—Xi,a,'y) ( - + ^1 -5.«a ( (• - a;i,a)'=afeWa + "a 1 

for all a e N. 

Step 4.2: We deal with the LHS of (10.5). We claim that 



/ 



v(!7cnK^) 



when a — > +00. Indeed, the proof goes exactly as in the proof of (9.14) of Step 3.3 
of the proof of Theorem 3. 

Step 4.3: We deal with the first term of the RHS of (10.5). When n > 3, we claim 
that there exists Cj > such that 

/ F^dx=(^-^) (c, + o(l)) (10.7) 

when a +00. 

We prove the claim. The proof proceeds basically as in the proof of (9.27) of Step 3.4 
of the proof of Theorem 3. Since Xi^a G dfl, we have that liisia^^ao Xi^a — xq ^ dfl. 
We take a domain Uxq , a chart (p and the extension g of the metric and Ua of w„ 
as in Lemma 2. Therefore, there exists x'^ € W^~^ such that Xi,a = <fi{Q,x'^ q,) for 
all a G N with lima_>+oo x'^ = 0. We define Vi^a as in Proposition 8, that is 

Vi,a{x) := -l^Ua{{0,xU + Si^aX) (10.8) 

for all a € N and for all x € s~a{(p~^{Uxo) — (0,a;^^)). Recall that it follows from 
Proposition 8 that there exists Vi £ (7^(^25(0) \ {0}) such that 

lim Vi,c.=Vi in Cl,{R^\{0} (10.9) 

a—>+oo 

In addition, there exists ipi G C'^{Bs{0)) harmonic such that 
\' 

vJx) := — + ijAx) for all x € Bs(0) \ {0} with ^^^(0) > 0. (10.10) 

We define the metric ga{x) := {ip*g){{0, x- „) + Si^ax) for all x. With the change of 
variable x = </?((0, x^ ^) + Si^az), we get that 

/ Fa dx 



Si. a I .JfiFI,ln)nB" \ \ ^ \ Si,a I ^ ^ 
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Passing to the limit a — )• +00 and using (10.9), we get that 



Fa dx 

n-2 



/ 

when a ^ +00. Similarly to what was done in the proof of (9.27) of Step 3.4 in 
the proof of Theorem 3, and using (10.10), we get that 

F^dx=( { (^-2)^c.^.(0)a;„-i ^ ^^^^ 



This proves (10.7) and ends Step 4.3. 
We define 

L := {j G {1, N}/ Xj^a - Xi,a = 0{iii^a) when a +00}. 
Given R> and a e N, we define 

VR,a ■.= 'filBR^^Jip-\xi,a))\ U BR-i^^Jip-^{xk,a))nWl] . (10.11) 
V keL J 

step 4.4: Assume that n > 4. We claim that 

hm hm /x^ / [x - Xi,a, r/) — c„— + — — dcr = 

(10.12) 

We prove the claim. Indeed, it follows from (7.2) that 

2 „,2* ^ .,2 ^ ..n-2 



<Cul^CY^ ^ ^ (10.13) 



2 " 2* 2 

for all a; S and all a S N. 
Step 4.4.1: We claim that 

\{x - Xi^a.v(x))\ < C\x - (10.14) 

for all a e N and all x G dfl fl dUxo ■ We prove the claim. Indeed, for x G M" small 
enough, we get via the chart (p that 

) ° '/'((O, a^j.Q,) + a;) (10.15) 

= (^((0, <a) + ^(0, <„), O ^((0, 4„) + X)) 

= (^d<p^o,xlj{x) + ^d^<P(Q,^'.j{x, x) + O{\xf),uoip{{0, x'i^J + x)j 

= ~ {d^f{a,xr j{x,x),i^oip{0,x'i j^ +0{\x\^). 

Inequality (10.14) is a straightforward consequence of (10.15). This proves (10.14) 
and ends Step 4.4.1. 
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As a consequence of (10.13) and (10.14), we have that 

2* 2 \ 

(10.16) 



<C \x - Xi,a\^ul^ da 

J •f(Uo,nam."i\DR^a,) 

■''1,0 1 A'l.a , 

da 



for all a e N and all ii > 0. We are going to estimate these terms separately. 
Step 4.4.2: We claim that 

/ \x — Xj^ctl^u^ da = o{ni^ci) when a — )• +oo (10.17) 

We prove the claim. Indeed, using the definition (8.29) of s^^q, wo get that 

^+1 



/ 



1^ ^i,a| ^ct 



'^-■Ua<Cs^;^'ul=0{f,-^urn 



n-2 

when a — > +oo. Moreover, since /i^ ^ o{ua), wc get that the above expression 

11-3 

is o{iJi^aUa^^ ) = o(/ij,Q,) when a — )■ +oo since n > 3. This proves (10.17) and ends 
Step 4.4.2. 



— 1 / I '' I / ' / a 

hm hm u,- „ / — t- da = if n > 4. 



step 4.4.3: We claim that 

(10.18) 

We prove the claim. Recall that for convenience, we let M."~^ := . Noting that 
we get with the change of variables z that 



/ 



X Xi^a\ P-i a , 

da 



ip(u^ndM^)\VR,^ (/x2^ + |a; - Xi.ap)"" ^ 

— ^l^i,a I /111 I2\n— 1 

./M"-i\(BK(0)\Ufegi,B^_i(efc,„)) (J- + FI j 

where := tJ,^^{xk,a — Xi^a) for all a € N and all k G L. Letting 6k '■= 
lim„^+oo Ok,a, we get that 

limsup/x,„ / — ■ —^da 



\z\^dz 



< C 



-i\(Bij(0)\UfcetS„-i(efc)) (1 + kP) 



2\n-l 



for ah R> 0. Then, letting R +oo and using that n > 4, we get (10.18). This 
ends Step 4.4.3. 
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Step 4.4.4: Let j G {1, ...,iV} such that 

Xj,a — Xi^a 7^ o(si,a) when a +0O. 

Then 

i¥>(c/c.naM!::)\x>H,„ (/i?^ + |a; - a;j,c«P) I it n - d 

when a — )• +oo. We prove the claim. Taking ^ > smaller if necessary, we have 
that 

\Xj,oi- Xi,a\>25s,^a (10.20) 

for all a e N. In particular, for all x G VR,a C ip{Ua n M" ), we have that 



Therefore, we have that 



/ 



\r-T- / s»+i,,"-2 



■da = 



(10.21) 

for all a G N. Wc distinguish two cases: 

Case 4.4.4.1: assume that i^j^a = o^ii^a) when a — >■ +oo. Then it follows from 
(10.20) and (10.21) that 



/ 



<p{u^ndRV:\T>R,a.) {iJ.l„ + \x - Xj^cxl"^)" ^ 
when a — >■ +oo. This proves (10.19) in Case 4.4.4.1. 

Case 4.4.4.2: assume that /ii^Q, = 0{pj.a) when a — >■ +oo. Then, we have that 
j G Ji and it follows from the definition (8.29) of Si^a that 

2 ^ l^i,a / 2 ,\ |2\ 

^i,a — \^^j,a ' \Xi,a ~ Xj^a\ ) 

for all a e N. Plugging this inequality in (10.21), we get that 

"'-■-l'"^" .,„o(^^ (10.22) 

r,( l^i,oc ( IJ'i,a\' ^ 1 / o(/i,:.a) if n > 4 /1noQ^ 



/ 



^tij,cc \si,o.) ^^'V I 0(Mi,«) ifn = 3 

when a — > +00. This proves (10.19) in Case 4.4.4.2. 

We have proved (10.19) in all cases. This ends Step 4.4.4. 

Step 4.4.5: Let j e {1, .... iV} such that 

Xj^a G ^ and Xj^a — Xi^a = o{si^a) when a — )■ +00. (10.24) 
Then we claim that 

A*j,a = o{iii^a) when a +00. 
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We prove the claim by contradiction and we assume that /Xi,a = 0{iJ,j^a) when 
a — >■ +00. Then j e Ji and it follows from the definition (8.29) of Si,a that 

for all a — > +00. It then follows from (10.24) that sf ^ = 0{jii^at^j,a) = O^Mj ^) 
when a — >■ +00. It then follows from (10.24) that Xi^a — Xj^a = o{iJj^a) when 
a — )■ +00. Since Xi^a S dfl, we then get that d{xj^a, dCl) = o{nj^a) when a +00, 
and then Xj_a <= 30 (sec (i) of Proposition 2): a contradiction with our assumption 
(10.24). This proves the claim. 

Step 4.4.6: Let j e {1, ...,N} such that 

Xj,a ^ 90, and Xj^a — Xi^a = o{si^a) when a — >■ +00. (10.25) 

We claim that 

/¥>(!7„naRr^)\i>fi,c + |a; - a;j,aP)' 



a— > 



lim ur^ / — ^dc7 = 0whenn>3. (10.26) 



We prove the claim. Since \ima~>+oo Xj^a — xq, we write Xj_a — ^{xj.a,i,x'j ^) for 
all a e N. Here again, since d(fio is an orthogonal transformation (see Lemma 2, we 
get that 

d{xj^a,dO) = (1 + 0(l))|Xj>,i| 

when a +00. For simplicity, we let dj^a '■= d{xj^a,di}) for all a € N. With the 
change of variables x = ip{z), we get that 



da 



n-2 



< C I dz 



<C I , . dz<C-' 



for all a G N. Since Xj^ot ^ we apply (9.2) and (9.4) and we get that 



(n-l)(n-4) ; - 0{^llJ) = 0{Hj,a) = 0{Hi,a) 

when a +00, where we have used Step 4.4.5. This proves (10.17) and ends Step 
4.4.6. 

Step 4.4.7: Plugging (10.17), (10.18), (10.19) and (10.26) into (10.16), we get 
(10.12). This ends Step 4.4. 
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Step 4.5: We claim that there exists c > such that 



r T -1 / ( \ / VUa Wa , ^o-'^a 1 . 

hm hm /X. / {x-Xi^oc-,y)\ — 7. + 

2 rr2* 



2n 



_(a,^(0),.(xo)),.,, r f ^ _ _ 2)^") when n > 4, (10.27) 

where is as in (9.50). Wc prove the claim. We assume that n > 4. As a preliminary 
remark, using the definition (10.11) of and (9.4), note that 

for all a e N. We define 

for all X G A*i~a(V'~"^(t^xo) ~ "^"^(a^i.a)) H M" . It follows from Theorem 4.1 modified 
by (9.50) that 

lim = Uo{-+ 6) in C/„, (1^ \ {^fe/ k & L)) . (10.28) 

where [/o(a:) := (1 + |x|2)i-t for all a; e R" and ^ e M""^. With the change of 
variable x = <p((0, a;- ^) + jJ^i^az), we get that 



/ (a;-a;i,a,i/) — c„— + — — dcr 

Jvn,o.nda V 2 2* 27 

= Mi,a / Ga{z) 

JBR(o)naR"\Ufc=r B„_i ret „~i~i 



Bfl(o)naR:i\Ufc£i,B„_i (0fc^„)) 



— C„— — (XCTo 

2 2* 2 / 



where ^^(x) := (i^*^)((0, a;^ q,) + i-ii^ax) is the pull-back of ^ by the chart and ctq 
is the surface area associated to the metric ga and 



With (10.15), (10.28), using that </9*^(0) = ^ and that n > 4, we get that 



I z^du^m2]^^^_enx-e) 

/ 



\ 2 ""2 



-(a,j(^(0),Kxo)) . z/|VC/o|| ^ C/o^* 



2 

(3^,^(0), Kxo))^fc^, [ /iVC/oll ^ 
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where in these computations, we have defined 

Vr := Br{0) n dWl \ UkeLBn-1 {9k)). 

We let A{ip,9,xo) be the right-hand-side of this expression. Since Uo is radially 
symmetrical, we get that 



Since dipo is an orthogonal transformation, the first and second fundamental formes 
of dfl at xq in the chart (p are respectiveley Iki = Ski and Ilki = —{dki'p{0),v{xo)). 
Therefore the mean curvature of dCl at xq is H{xo) = J2k ^^kk and then 

Combining (10.29) and (10.31) yields (10.27). This ends Step 4.6. 
Step 4.6: we claim that 

and/,r (^-c„fl)rfe = 

We prove the claim and assume that n > 4. Using the explicit expression of Uo, we 
get that 

4"' ' 1, 2 ^" 2* J 2 io (l+r^)" 

w„_2(n- 2)2 



when n > 4. (10.31) 



dr+ d^dr 



2 ./o (l + r2)" (l+r2)" 

a;„-2(n-2)2 /-i (^2 „ ^yn ^ (i^^^2y^-4 

a;„_2(n-2)2 {1 - r^){r^-^ - r^) 

— dr > 0. 



(1 +r2)^ 

Similarly, we prove that the second integral in (10.31) vanishes. The claim is 
proved. This ends Step 4.6. 

Step 4.7: Assimic that n > 4. Plugging together (10.12), (10.27) and (10.31), we 
get that there exists di > such that 

|2 „,2* , „,2 



lim /i. ^ / (x - a;i,a, zv) — c^— + — — da = diH{xo) 

(10.32) 
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Plugging (10.6), (10.7) and (10.32) into (10.5), we get that 

n-2 

{a + o(l)) + {diH{xo) + o(l))Mi,a = 



Si a 



when a — )• +oo, and then there exists c ■ > such that 

^ = -cmxo). (10.33) 

a— >-+cx> a. 

i,a 

In particular, H{xq) < 0. This ends the proof of Theorem 4 when n > 4. We are 
now left with the case n = 3. 

Step 4.8: We assume that n = 3. We define U/'i 3jS above. We let {za)a e M" be 
such that 



lim \za\ = +00. 

a—>-+oo 



Then, we have that 



\za\ < <5— ^ l-ZaT" Wi,a(-Za) = 0{l) when a ^ +00 (10.34) 

and 

\za\=o(^^] => lim \za\"'~'^Ui aiza) = i when a ^ +00. (10.35) 
We prove the claim. As in Case 6.2 of the proof of Theorem 6, we have that 



.(x) = (1 + 0(1)) (uo^ + J2Vj,„{x)^ 



^-2 



for all X e Bsg{xo) and all a e N for > small enough. Therefore, we have that 

Kr'uiM = (i+o(i))(izoi"-v5' 

»=1 / 

for all a S N. It follows from Theorem 3 that there is no blowup point in the 
interior when n = 3: therefore, (10.2) rewrites 

\xi,a — Xj^a\ > "^Ssi^a for all j i and all a e N. (10.36) 

We fix j 7^ i. Similar to what was done in Step 6.1.2 of the proof of Theorem 6, we 
have that 

n — 2 



ka|" Mia yj,a{'p{'P {xi,a) + IJ'i,aZa)) 



< C 



for all a e N (we have used that \za\ < SiJ,~^Si^a)- Therefore, if jji^a = 0{nj^a) 
when a — > +oo, it follows from the definition of Si^a that the right-hand-side is 
bounded. If jij^a = 0{ni^a), using (10.36), we get that the right-hand-side is also 
bounded. 
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In the case j = i, it follows from Case (i) of Proposition 13 that 

Kr'i^tfvj,^{v{^-\xi,^) + f,,,^z^)) = (1 + 0(1)) ( , ) ' 

= 1 + 0(1) 

when a +oo since limQ,^.+oo kal = +oo. 

n-2 n—2 

Finally, noting in addition that \za\"~^IJ'i^ Ua = 0{s"~ iJ,^ Ua) = 0(1) by 
definition of Si,a, we get that (10.34) holds. With a little more careful analysis, we 
get (10.35). This ends Step 4.8. 

Step 4.9: We still assume that n = 3 and we let {za)a & IR" be such that 
lima^+oo ka| = +0O. Then, we claim that 

Si 



.« 1 ^ i;™ I., \n-l 



lim l^cT" |Vwi,„(za)|g„ =n-2, (10.37) 



where ga{x) := (ip* g){(p{(p^'^ (xi^a) + Hi,ax)). 

We prove the claim by contradiction and assume that there exists (za)a as above 
and eo > such that 

\\zX-'\'7uiAza)\g. -{n- 2)1 > eo (10.38) 

for all a G N. Wc define := \za\ and Waix) := r2~'^Ui,a{rax) for x ^ 0: 
this is well defined and it follows from Step 4.8 that lima^+oo u>a{x) = la;]^"" 
in Ci^R" \ {0}). Moreover, Ag>^Wa + eaiiJ.i,a\za\)^'Wa = c„|2a|~^w^*~-^ where 
Qai^) — '''a9ai'''ax), and therefore, it follows from standard elliptic theory that Wq, 
converges in C/o^C^" \ {0})- Computing V'u;a(r~^Za) and passing to the limit when 
a +0O contradicts (10.38). This ends Step 4.9. 

The rough estimate (7.3) and computations similar to the case n > 4 yield 



/ 



[X — Xi^at ^} I Cn-T- - 



dx = oimA 



l<p{Bs^.^^{ip--^{xi,ac))ndn 
when a +oo. Similarly, we have that 

/ \x — Xi^ce\'^\VUctf dx = O ( lli^a^^—^ 

when a — )■ +oo. Therefore, we have that 



/ {x- Xi^a,'^)Fa{x)dx (10.39) 

{dki<fi{0),iy{xo)) 



/ x''x^\VUafdx + o(lI^^a'^T^ — ] 



when a — +cx) and n = 3. 

Step 4.10: Assume that n = 3. We claim that 

lim W(v--H^..))nan-^-'|V"-l^^-^2.^, 

a^+oo In 3 

We prove the claim. We let ((5a)a S (0, +oo) be such that limQ,_^_|_oo 5„ = and 
limc^+oo fJ'j^a^aSi,a = +00. The sequence {6a) will be chosen later. With a change 
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of variables and noting that the element of volume satisfies dvg^ = (1 + o{l))da, 
we have that 

J ifiiBs^si^^{'p-'^{xi,oc))ndQ •'Bsa,si „ (o)naM::: 

Mi, a 

= Ati,a / {l+o{l))x''x^\Vu,,ac\ljcr + OilI^,a) 



= f^i,a I (l+0(l))^^(|a;r-l|V<a|sJ'c;^^fl„ +0(/Zi,a) 

JB s^s,,^ {0)ndW>_\Bn(0) FI^ ' 

when a +(x> for i? > arbitrary large. With (10.37), we then get that there 
exists cr such that limfl;_j.+oo e_R = and 

/ x'^x'-\Wua\^ dx 

J<piBs^^.^iy,--'{xi,c))ndn 

= fJ-iA^ - / I j^fa-n ^'^o- + (o(l) + en) ( Hi^a In ) 

= Ati,a In — + o I /Lti,c« In '— I (10.41) 

We now estimate the complementing term. It follows from (10.37) and the local 

convergence of Ui^a that there exists C > such that | V{tj_„|g^ (a;) < Cla;!"*^"" for 
all X G B^-i^^ (0). Therefore, we have that 



/ x'^x'^l'^Ual'^ dx 

< C^li,c, [ |z|2(l + |0|2)i-"d0 



< C/Xi,aln— (10.42) 



•^0^1,0 111 I T 



We now choose {6 a) a such that 

lim = , lim = +oo and In = o ( In ■ 

a-)-+oo a^+oo jji^^^ da \ Mi,c 

when a +oo. Clearly, this choice is possible: combining (10.41) and (10.42) 
yields (10.40). This ends Step 4.10. 

Step 4.11: Assume that n = 3. We claim that there exists q > such that 

lim ^ — =— = -CiH{xo)- 

We prove the claim. Putting (10.40) into (10.39) and arguing as in Step 4.5 yields 
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lli^a In — h O I In 

'!tH{xo) , Si,a , / , Sj,a 
= 7 W.a In + O I /ii,a In — 

When a +00. Plugging this asymptotic behavior into (10.5) and using (10.6) 
and (10.7) yields the existence of Cj > such that 

Ci{H{xo) + o(l))si,„ In ^ + 1 = 

when a +00. This yields the desired result and this ends Step 4.11. Theorem 4 
is proved for n = 3. 

11. Proof of Theorems 1 and 2 
Let (ua)aeN € C^(fi) be as in the statement of Theorem 1. We let 

S:=\ lim a;i,a/ie {l,...,iV}l. 

I a— >+oo J 

Step 1: We claim that 

S = S 

where S is as in Definition 1. We prove the claim. Let Xq G 5 and let i S {1, N} 
such that limjj_>._|_oo a;i,a = xq. In particular, we have that lima^_^_^ Uce{xi^a) 
■ \ : then xq is a singular point, and then xq G S. This proves that <S C «S. 

Let Xq E S'^: then there exists S > such that |.to — „ | > 2S for alH € {1, N}. 
In particular, it follows from (7.3) that there exists C > such that Ua{x) < C for 
all X e Bs{xo) n O, and then xo is not a singular point, that is a; ^ <S. This proves 
that C S". 

These two assertions prove that <S = <S, and the claim is proved. This ends Step 1. 

□ 

Step 2: Let xq € S. Assume that n > 7. We claim that 

there exists {xi a)a6N € dfl such that lim Xi a = xq- 

' a— >-+oo ' 

Wc prove the claim by contradiction and assume that for all i G {1,...,N} such 
that lim„_>._|_oo Xi,a ~ xq, then Xi^a G il. Wc let i G {1, A'^} such that 

Hi a ■= maxj^, a/ j e {1, N\ such that lim Xj « = xq). 

' ' ' a— >-+cx> ' 

It then follows from Theorem 3 that 

^o.stJ'^^KrJ (11-1) 

when a — +00 and there exists j G {1,...,A''} such that /Uj^a = o(iJij^a) when 
a +00 and 



Mi, a 



for all a e 



72 



OLIVIER DRUET, FREDERIC ROBERT, AND J.WEI 



Assume that lim.a^+00 Xj^a = xq. Then it foUows from the definition of /Xi,a that 
Mi, a > ^ contradiction with fn^a = o{iJ.j^a) when a — )• +00. 
Assume that hma_>.+(x) Xj^a xo- Then Xi^a — xj^a 7^ and we have that 

2 ^ Mi, a 
Si,a - — 

when a — )■ +00. Plugging this estimate in (11.1), we get with (8.15) that 

Ti-6 Ti-2 n-2 

- Mi,a Mj> = 0(Mj> ) = 0(e„) 

when a — > +00. A contradiction since n > 7. 

This proves the claim, and this ends Step 2. □ 
Step 3: Let xq € >S. Assume that n = 3 or n > 7. We claim that 

xq e dO, and that H{xq) < 0. 

We prove the claim. We let i e {1, A''} be such that 

Sia = min{s,- xj „ G dSl and lim xj „ = a;o}. 

This minimum is well-defined: this follows from Theorem 3 for n = 3 and from 
Step 2 when n > 7. In particular, Xia & 90. and xq e 90. We claim that for all 
j .,N}\{i} 

Xj^oc € dO. ajj^Q; — Xi^oi 7^ o(s,,c«) when a +00 (11-2) 

We prove the claim by contradiction and wc assume that there exists j G {1, N}\ 
{1} such that lima^+00 Xj^a = xq, Xi^a — Xj^a = o(si,a) and Xj^a G dfl for all q; e N. 

We claim that ^i,a — o{^j^a) when a — )• +00. We argue by contradiction and 

assume that /i^.Q 

~ 0{ni^a) when a +00: then i e J,- and it follows from the 
definition (8.29) of Sj^a that 

2 ^ Mj,0! / 2 I I i2\ 

Mi, a 

for all a e N. Since \xi_a — Xj^a\ = o{si^a) and /i^.Q = o{si^a) when a ^ +00, we get 
that Sj^a — o{si^a) when a — )■ +00: a contradiction since Si^a < Sj,a for all a € N. 
This proves that /ii ^ = o{fij_a) when a — )■ +00. 

In particular, we have that j G Ji, and then 

*i,a — ~ (Mj,a + l^i>« ~" | ) 

Mj,a 

for all a G N. Since Xi^a — Xj_a = o(sj_a) and Mi, a = "(Mj-q) when a — )■ +00, we 

then get that Si^a. = o{fij,a) and then Xi^a — Xj^a = o{^j^a) when a — ^ +00. A 
contradiction with (9.49). This proves that (11.2) holds. 

Therefore, we can apply Theorem 4 to i, and we get that H{xq) < when n — 'S 
or n > 7. This proves the claim, and therefore this ends Step 3. 

Theorem 1 is a consequence of Step 3. 

Theorem 2 is a consequence of Theorem 1 and Proposition 1. 
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Appendix A: Construction and estimates on the Green's function 

This appendix is devoted to a construction and to pointwise properties of tlie 
Green's functions of the Laplacian with Neumann boundary condition on a smooth 
bounded domain of M". These proof are essentially self-contained and require only 
standard elliptic theory. 

Let f2 be a smooth bounded domain of R" (see Definition 2 in Section 3). We 
consider the following problem: 

Am = / in f2 



where u G C^(f2) and / G C°(f2). Note that the solution u is defined up to the 
addition of a constant and that it is necessary that f^fdx = (this is a simple 
integration by parts). Our objective here is to study the existence and the properties 
of the Green kernel associated to (11.3). 

Definition 6. We say that a function G : fix Q\{{x, x)/ x & ^1} ^ R is a Green's 
function for (11.3) if for any x Gfl, noting Gx ■= G{x, ■), we have that 

(i) G, e L\n), 

(ii) f^G^dy = 0, 

(Hi) for all ip £ C^(f2) such that d^ip = on dO., we have that 



ip{x) -(fi= GxAtp dy. 
Jn 



Condition (ii) here is required for convenience in order to get uniqueness, symmetry 
and regularity for the Green's function. Note that if G is a Green's function and 
if c : — >• M is any function, the function {x, y) ^ G{x, y) + c{x) satisfies (i) and 
(iii) . The first result concerns the existence of the Green's function: 

Theorem 5. Let Q. he a smooth hounded domain ofW^. Then there exists a unique 
Green's function G for (11.3). Moreover, G is symmetric and extends continuously 
to fix Q\{{x,x)/ X £ f2} and for any x e Q, we have that Gx € C^'"(n\{a;}) and 
satisfies 

AG^ = -^ inQ\{x} 
duGx = in dn. 
In addition, for all x € and for all tp € C^(f2) we have that 

ip{x) -(p= GxAip dy+ Gxd^ip dy. 
Jn Jon 

A standard and useful estimate for Green's function is the following uniform point- 
wise upper bound: 

Proposition 9. Let G he the Green's function for (11.3). Then there exist C{Cl) > 
and m{Q) > depending only on Q such that 

^|a;-y|'-"-m(0) < G{x,y) < C(fi)|ar-y|'-" for all x,y€n,Xy^y. (11.4) 

Concerning the derivatives, we get that 

\^yGx{y)\ < C\x - 2/1^-" for all x,yGn,Xy^y. (11.5) 
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Estimate (11.4) was proved by Rey-Wei [36] with a different method. We also 
refer to Faddeev [13] for very nice estimates in the two-dimensional case. 

Notations: in the sequel, C(a, 6, ...) denotes a constant that depends only on J7, 
a, b... We will often keep the same notation for different constants in a formula, 
and even in the same line. 

We will intensively use the following existence and regularity for solutions to the 
Neumann problem (this is in Agmon-Douglis-Nirenberg [5]): 

Theorem 6. Let be a smooth bounded domain ofW^ and let f € Lp{Q,), p > 1 
be such that J^fdx = 0. Then there exists u G iJKfi) which is a weak solution to 

Au = f in CI 

duU = in dQ 

The function u is unique up to the addition of a constant. Moreover, there exists 
C{p) > such that 

\\u-u\\Hi{n) < C(p)ll/llp- 

If f & C"^"(f7), a G (0,1), then u e (7^'"(0) is a strong solution and there exists 
C{a) > such that 

\\u-u\\c2.<.(a) < C{a)\\f\\co,c(jiy 

A.l. Construction of the Green's function and proof of the upper bound. 

This section is devoted to the proof of Theorem 5. 

A. 1.1. Construction of Gx- 

We define fc„ := (n-2)a;n i • ^® fix a; e O and we take Ux € C^{Cl) that will be 
chosen later, and we define 

In particular, € LP(f7) for all p e (1, :^). We let u e C^(0) be a function. 
Standard computations (see [17] or [37]) yield 

/ HxAudy = u{x) + / uAuxdy+ / {-d^uHx + ud^Hx) da. (11-6) 
Jn Jn Jdn 

We let rj e C°°(R) be such that r]{t) = if t < 1/3 and r]{t) = 1 if i > 2/3. We 
define 

for all y e O. Clearly, Vx € C°°{Q) and Vx{y) = kn\x — for all y e O close 

to on. It follows from Theorem 6 that there exists u'x € C^'"(i7) for all a € (0, 1) 
unique such that 

Au'^ = Avx — Avx in il 



djAi'x = in 
^ = 



We now define Ux := — Vx & C^'"(r2) and Cx ■= Avx € K so that 

Aux = —Cx in n 

dvUx = —dv{kn\ ■ — a;p~") in dQ 
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Therefore, d^Hx = on dVl and (11.6) rewrites 

/ HxAudy = u{x) — Cx / udy— / dvuH^da 
Jn Jq JdQ 

for all u e C^(f2). Taking u = 1 yields = and then, we have that 
/ H^Audy = u{x) — u— d^uHx da 

Jn JdQ 

for all u G C^(r2). Finally, we define Gx ■— — Hx and we have that: 

/ GxAudy = u{x) — u— d,yuGx da 
Jn JdQ 

for all u e C^(f2). Therefore G is a Green's function for (11.3). In addition, 
Gx e C2'"(f2 \ {a;}) n L^'(O) for all a e (0, 1) and p€ (l, " 



n-2 

Taking u S C^{Q \ {x}) above, and the definition of Gx, we get that 

i ^G^ = -]k inn\{x} 

\ d^Gx = in aO. ^ ' ' 

A. 1.2. Uniform — bound. 

Lemma 3. Fix x gQ, and assume that there exist H e L^{fl) such that 

HAu dy = u{x) — u 



I 

JQ 



IQ 

for all u e C2(n) such that d^u = on dO.. Then H G LP{il) for all p e (l, 
and there exists C{p) > independent of x such that 

\\H - H\\p<C{n,p) (11.8) 

for all X G Cl. 

Proof. For p as above, we define q := > f . We fix e C°°(0). It follows from 
Theorem 6 that there exists u G (O) such that 

Aw = Tp — Tp in fl 
dyU = in 
u = 

It follows from the properties of H that 

/ {H-H)iljdy= [ H{tp-tp)dy = u{x). 
Jq Jq 

It follows from Sobolev's embedding that H2{fl) is continuously embedded in 

i°°(il): therefore, using the control of the iff —norm of Theorem 6 yields 



/ {H-H)^pdy 
Jq 



< \\u\\oo < C{q)\\uU^^ < C'{q)\\^ - ^PIU < C"{q)M, 



for all ip G C^{n). It then follows from duality that H - H G LP{n) and that 
(11.8) holds. □ 

A. 1.3. Uniqueness. 

We prove the following uniqueness result: 



/ 

Jq 



/ 
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Lemma 4. Fix x & il, and assume that there exist Gi, G2 € such that 

GiAu dy = u{x) — u 

for all i € {1, 2} and for all u £ C^(f7) such that d^u = on dQ. Then there exists 
c G R such that Gi — G2 = c a.e on il. 

Proof. We define g := G\ — G2- We have that 

gAu dy = 

m 

for all u e such that d^u = 0_on 90. We fix ^ e C^ in). It follows from 

Theorem 6 that there exists u G C^(f2) such that Au = tjj — ip in ft, d^u = on dO. 
and u = . Therefore, we get that 

/ {9-9)i^dy= / g{ip-ip)dy= / gAudy = 0. 
Jq Jq Jn 

for all V' € C'^(^)- Moreover, it follows from Lemma 3 that g € for some 

p> 1, and then we get that g — g = a.e, and then Gi = G2 + g- □ 

As an immediate corollary, we get that the function G constructed above is the 
unique Green's function for (11.3). 

A. 1.4- Pointwise control. 

We let G be the Green's function for (11.3). The objective here is to prove that 
there exists C(0) > such that 

|G,(y)|<G(0)|a;-y|2-" (11.9) 

for all x,y G fl, X ^ y. 

Proof. The proof of (11.9) goes through six steps. 

Step 1: We &x K c SI a compact set. We claim that there exists C{K) > such 
that 

\GAy)\<C{K)\x-y\''-^ 
for all X G K and all y G fl, y ^ x. 

We prove the claim. We use the notations Ux,u'^,Vx above. As easily checked, 

Vx e C^(n) and \\v4c^ < Cd{x,dny < Cd{K,dn)-'^ < C{K). Therefore, it 
follows from Theorem 6 that |K||oo <C{K), and then \Hx{y)\ < CiK)\x - ^/j^"" 
for all y e O, y 7^ x. Since G^ = — and (11.8) holds, the claim follows. 

Step 2: We fix 5 > 0. We claim that there exists C{S) > such that 

\\G4cHQ\BUsy) < Cid) (11.10) 

for all x,y such that |x — y| > 6. 

We prove the claim. It follows from (11.7) and standard elliptic theory (see for 

instance [5]) that for any p > 1, there exists C{S,p) > such that ||Gx|| (72(^2^5^(5)) < 
C{S) + C{S)\\Gx\\Lp(n)- Step 2 is then a consequence of (11.8). 

We are now interested in the neighborhood of dSl. We fix xq G dSl and we choose 
a chart if as in Lemma 1. For simplicity, we assume that ip : Bs{0) M" and that 
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(p{0) — xo and we define V := (p{Bs{Oj). We fix a; € V (IQ and we let Gx be the 
extension := Gx o = G^ o o n o ip~^: we have that 

Gx:V\ {x, X*} R with x* := tt-'^{x) = (^077-^0 ip-'^{x) G Tf. 

Moreover, since Gx is C^'" outside x and tt is Lipschitz continuous, we have that 
Gx G ^1 ioc(^ \ {2^7^*}) fo'' g > 1; in addition, it follows from (11.8) that 

Gx G LP(y) for all p € ^1, and that there exists C{p) > independent of x 
such that 

\\Gx\\p < C{p). 



Step 3: We claim that 



AsG;,; = 5x + 



in V'{V). 



(11.11) 



We prove the claim. We let if) G C'^{V) be a smooth function. Separating y n f2 
and F n il'^ and using a change of variable, we get that 



GxAgljjdVg = 



vnn 



GxA{i: + tPoTT/) dy. 



Noting that d„ (tp + tp o w^^) = on dil (we have used that i^(</?(0, x')) = d^p^Q^x') (ci)) 
and using the definition of the Green's function Gx , we get that 



[ GxA-g^pdVg = ^{x) + ^ o n-\x) - [ (V' + ^oTT-i) 
Jv l"l Jvnn 



dy 



= ipix) + ipix*) - 



n\ 



IpdVg. 



This proves (11.11) and ends the claim. 

Step 4: We Sx z gV. We claim that there exists : F \ {z} 
following properties hold: 

r AgT, = 6, inV'iV), 

\T,{y)\<C\z-y\-'-" for all y e F \ {4, 

[ r,GCHV\{z}) 



such that the 



(11.12) 



We prove the claim. We define r{y) := \/gij{z){y — zy{y — zy for all y £ V. 
As easily checked, r^"" e C°°{V \ {z}): we define / := Agr^"" on V \ {z}. It 
follows from the properties of g that / G Lf^ci^ \ {^D- Moreover, straightforward 
computations yield the existence of C > such that 

|/(y)| <C|^-2/|i-" for ^\\yeV\{z}. 



Computing Agr^ " in the distribution sense yields 



A.r^-" 



f + K,S, in V'iV), 



where := (n-2) /^^^(Q)(z^(y), j/)g(^)r(2/) 
Kxo > 0. 

We define h such that 

Agh = f 

h = 



^ " (ivgiz) > 0- Moreover, lim^ 



(11.13) 



in V 
on dV 
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It follows from (11.13) and elliptic theory that h is well defined and that h G H2q{V) 
for all p e ^1, and h e Clf^{V \ {z}). Moreover, there exists C > such that 

< C{p) for all p e (^1, ^) . (11.14) 

We claim that for any a e (n — 3, n — 2), there exists C{a) > such that 

\hiy)\<Cia)\y-z\-^ 

for all y e y \ {z}. 

We prove the claim. We let e > be a small parameter and we define 

he{y) := e«/i(^ + ey) and My) := e^+"f{z + ey) 
for all y e ^2(0) \ ^1/2(0). We then have that 

Ag^/i, = /, in ^2(0) \ Bi/2(0), (11.15) 
where 5^ = ^(e-). Since a > n — 3, we have with (11.13) that 

\h{y)\ < Ce«-("-3)|y|i-" < 2"-iC (11.16) 

for all y e ^2(0) \ Bi/2(0). We fix p := ^ e (l, ^) and g := ^. A change of 
variable, Sobolev's embedding theorem and (11.14) yield 

l|/ie|U<,(S.(0)\B,/,(0)) < C\\h\U < C\\h\\Hl < C (11.17) 

for all e > small. It then follows from (11.15), (11.16) and (11.17) that there 
exists C > such that 

\hc{y)\ < C for all y e R" such that |y| = 1. 

Therefore, coming back to h, we get that \h{y)\ < C\y — z\~"' for all — -z] = e- 
Since e can be chosen arbitrary small and h is bounded outside y, the claim is 
proved. 

We now set := (^,-2-n _ /j) follows from the above estimates that F 
satisfies (11.12). This ends Step 4. 

We define fix '•= Gx — F^; — F^^*. It follows from Steps 2 and 3 above that 

A§Mc. = -p in25'(F). (11.18) 
Moreover, we have that € Hf{V \ {x, x*}) for all g' > 1 and that 

IIm.IIp < C{p) for all p e (^1, . (11.19) 

Step 5: We claim that for all V C V, there exists C{V') > such that 

Mloo^v) < CiV), (11.20) 
where C{V') is independent of x. 

We prove the claim. Since .x € n V, we have that g = ^ in a neighborhood of x, 
and then g is hypoelliptic around x: therefore, it follows from (11.18) that iJ.x is C°° 
around x. Similarly, around x* gV Hfl , g = {tp o n o ip~^)*^ is also hypoelliptic. 
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and therefore, is around x* . It then follows that iix & HKV) for g > 1 and 
(11.18) rewrites 



iV). 



Therefore, it follows from Theorem 8.17 of [17] that £ ^fSci^) and that there 
exists C{V, V',p) > such that 

||Mx||L~(y') < C{V,V',p) (1 + ll/ixlUni^)) 

for all p> 1. Taking p G ^1, and using (11.19), wc get (11.20) and the claim 

is proved. 

Step 6: Wc arc now in position to conclude. It follows from the definition of fix 
from (11.20) and from (11.12) that there exists C{V') > such that 

\Gxiy)\<C + C\x-y\^~- + \x* -yf-- 

for all x,y gV such that x ^ y. As easily checked, one has that \x* — y\> c\x — y\ 
for all a;, y e y n f2, and therefore 

|G.(2/)| <C|ar-y|2-" (11.21) 

for all x,y & V r\Q. such that x ^ y. Recall that V is a small neighborhood of 
xq G dQ.. Combining (11.21) with Step 1, we get that there exists 5{Vi) > such 
that (11.21) holds for all x,y £ Q distinct such that |a; — j/| < (5(f2). For points 
x,y such that |a; — y| > 5{fl), this is Step 2. This ends the proof of the pointwise 
estimate (11.9). □ 

A. 1.4. Extension to the boundary and regularity with respect to the two variables. 
We are now in position to extend the Green's function to the boundary. 

Proposition 10. The Green's function extends continuously toClx Q\{{x, x)/ x G 
Ti} R. 

Proof. As above, we denote G the Green's function for (11.3). We fix a; S dQ and 
y G Q, \ {x} and we define 

Gx{y) ■= lim G{xi, y) for all ?/ e O \ {x}, 

i— >+C30 

where (xj)j € Q is any sequence such that limj_>._|_oo Xi = x. 

We claim that this definition makes sense. It follows from (11.10) that for all ^ > 0, 
we have that 

\\Gx,\\c'^{n\Bs{x)) < G{5) 
for all i. Let {i') be a subsequence of i: it then follows from Ascoli's theorem that 
there exists G' e C^(f2 \ {x}) and a subsequence i" of i' such that 

lim Gx,=G' mGl,{Tl\{x}). 

Moreover, It follows from (11.9) that \G'{y)\ < C\x — y\'^~" for all y ^ x. We choose 
u G C^(r^) such that d^u = on 
for all i. Letting i — ^ +00 yields 

G'Au dy = u{x) — u, 



u G C^(r^) such that d^u = on 80.. We then have that Gx^Audy = u{xi) — u 



I' 

Jn 
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and then it follows from Lemma 4 that G' does not depend of the choice of the 
sequence {xi) converging to x. We then let Gx ■= G' and the definition above 
makes sense. 

We claim that G £ C°(f2 x f2 \ {{x,x)/ x G Q}). We only sketch the proof since 
it is similar to the proof of the extension to the boundary. We fix a; e O and 
we let {xi)i be such that limj^+oo Xi = x. Arguing as above, we get that any 
subsequence of (Gx^ ) admits another subsequence that converges to some function 
G" in Cl^jQ \ {x}). We choose u G C^{fl) such that d^u vanishes on dCl and we get 
that Gxi^u dy = u{xi) — u for all i. With the pointwise bound (11.9), we pass to 
the limit and get that G^'Audy = u{x) — u: it then follows from Lemma 4 that 
G" = Gx, and then (Gs.) converges uniformly to Gx outside x. The continuity of 
G outside the diagonal follows immediately. □ 

It is essential to assume that G satisfies point (ii) of the definition: indeed, for any 
c : — )• K, the function {x,y) ^ G{x,y) + c{x) satisfies (i) and (iii), but it is not 
continous outside the diagonal if c is not continuous. 

A. 1.5. Symmetry. 

Proposition 11. Let G be the Green's function for (11.3). Then G{x,y) = G{y,x) 
for all x,y G fl X SI, x ^ y. 

Proof. Let / € C^{S}) be a smooth compactly supported function. We define 

F{x) := / G{y, x){f - f){y) dy for aU x € H. 



a 

It follows from (11.9) and Proposition 10 above that F e C°(n). We fix 5 € C^iVi) 
and we let f,i^£ C^(Jl) be such that 

Acp = f — f in fl ( Atp = g — g in O 

di,(p = in dQ and < d^ip = in dCt 

It follows from Fubini's theorem (which is valid here since G G L^{Sl x SI) due to 
(11.9) and Proposition 10) that 

/ {F-F)gdx = I F{g-g)dx= I FAipdx 
Jn Jn Jn 

= f{f-f){y)( [ G{y, x)Ai^{x) rfx) dy= ( (A^)^ dy 
Jn \Jn / Jn 



/ (pAiljdy= / (p{g-g)dy= / gipdy, 
Jn Jn Jn 



and therefore J^-^{F - F - ip)g dx = for all g € C^{n). Since F,ip e C°(f7), 
we then get that F{x) = ip{x) + F for all x G We now iix x G fl. Using the 
definition of the Green's function and the definition of F, we then get that 

^ G{y, x){f-f){y) dy = 1^ G{x, y){f-f )iy) dy+p ^ G{y, x) dx^ {f-f){y) dy, 

and then, setting 

Hx{y) := G{y, x) - G{x, v) ' -^J^ Giv^ ^) dz 
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for all y e ri \ {x}, we get that 

= / H,{f - /) dy= f {H, - H^)f dy 
Jn Jn 

for all / e C^{Cl). Therefore, = Hx, which rewrites 

G{y, x) - G{x, y) = p j^{G{y, z) - G{x, z)) dz + h{x), 

for all a; 7^ y, where h{x) := J^^ G{z, x) dz — Jnxn G{s, t) ds dt for all x S fl. 
Exchanging x, y yields h{x) + h{y) = for all x ^ y, and then ft, = since h is 
continuous. Therefore, we get that 

G(2/, x) - G{x, y) = T^ [ {G{y, z) - G{x, z)) dz = Gy - Gy (11.22) 
l"l Jn 

for all X y. The normalization (i) in the definition of the Green's function then 
yields Proposition 11. □ 

If one does not impose the normalization (ii), we have already remarked that we 

just get G' : {x, y) G{x, y)+c{x) where G is the Green's function as defined in the 
definition and c is any function. We then get that G'{x, y) — G'{y, x) = c{x) — c{y) 
for all a; 7^ which is not vanishing when c is nonconstant. 

These different lemmae and estimates prove Theorem 5. 

A. 2. Asymptotic analysis 

This section is devoted to the proof of general asymptotic estimates for the Green's 
function. As a byproduct, we will get the control (11.5) of the derivatives of Propo- 
sition 9. The following proposition is the main result of this section: 

Proposition 12. Let G be the Green's function for (11.3). Let {xa)a G SI and let 
{'>'a)a € (0, +00) be such that limQ,_>.+oo fa = 0. 
Assume that 

d{xa,dn) 
lim ^ = +00. 

Then for all x,y G M", x ^ y, we have that 

lim r2~'^G{xa + r^a;, Xa + r^y) = fc„|a; - 

a— >+oo 

Moreover, for fixed a; € M", this convergence holds uniformly in Cf^^{M.'^ \{x}). 
Assume that 

lim felM=p>o. 

Then \ima^+ao Xa — xq & dSl. We choose a chart ip at xq as in Lemma 1 and we 
let (a;c_i,a;^) = ^~^{xa)- Then for all a;,y e K" fl {a;i < 0}, a; 7^ y, we have that 

hm rr'G(<p((0, a;;)+r„a;), (^((0, a;'J+r„y) = K {\x - Z/P"" + \-k-\x) - yj^"") , 



where tt ^(a;i,a;') = (— a;i,a;'). Moreover, for fixed x G M", this convergence holds 

-i2 I 



uniformly in Cig^{R1 \ {x}). 
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Proof of Proposition 12: 
Step 1: We first assume that 

lim felM=+oo. (11.23) 

We define 

Gc{x, y) := r"~^G'(a;a + r^x, Xa + r^y) 

for all a e N and all x, y € := r^^(ri ^y. We fix a; e K". It follows 

from Theorem 5 that € C^(f2„ x \ {(a;, a;)/a; e fia}) and that 

A(G'„), = - 1^ in n„ \ {x} (11.24) 

for a e N large enough. Moreover, it follows from (11.4) that there exists C > 
such that 

\{Go)M\<C\v-x\^-^ (11.25) 

for all a e N and all y G na\{a;}. It then follows from (11.23), (11.24), (11.25) and 
standard elliptic theory that, up to a subsequence, there exists Gx S C^(M" \ {x}) 
such that 

lim ((5„), = (5, in CL(R" \ {x}). (11.26) 

a— >-+oo 

with 

|G.(y)|<C|y-x|2-" (11.27) 

for ah 2/ e M" \ {x). We consider / e C~(R") and we define f^iy) := /(^-^(y - 
a^a — Taxy): it follows from (11.23) that € C^(r2) for a € N large enough. 
Applying Green's representation formula yields 

foc{xoc + r^x) - /„ = / G{xoc + r^a;, z)l^fcc{z) dz. 

JQ. 

With a change of variable, this equality rewrites 

f{x)= [ G^{x,y)Af{y)dy + U 
for a e N large enough. With (11.25), (11.26) and the definition of fa, we get that 

f{x)= [ GxAfdy, 

and then 

A(G^ - k„\ ■ -a;|2-") = in D'(M"). 
The ellipticity of the Laplacian, (11.27) and Liouville's Theorem yield 

Gx{y) = kn\y- a;|^"" for all y^^x. 

This ends Step 1. 
Step 2: 

lim ^±^=p>Q. 

a^+oo ra 

We take if as in the statement of the Proposition and we define 

Ga{x, y) := rr 'G(v?((0, x'^) + r^x), <^((0, x'^) + r^y) 



LIN-NI'S PROBLEM 



83 



for all a;, y e M" , x with a G N large enough. We fix x S M" and we symmetrize 
G as usual: 

Gc{x,y) := Ga(x,7f(?/)) 
for all y e M" close enough to and where, as above, tt : R" ^ R" . For simplicity, 
we assume that x G M" (only the notation has to be change in case x € M" ). As 
in the first case, we get that there exists C > such that 

\Ga{x,y)\ <C{\y- ar|2-" + \y- ir-\x)\^-^) 

for all y ^ x,-k{x) and there exists Gx € C^(IR" \ {x, 7r~^(a;)}) such that 

lim = in Cl,{W \ {x, t^-\x)}). 

a— >+oo 

Moreover, letting L = dipo be the differential of (p at 0, arguing again as in the first 
case, we have that 

Al^^G, = (5, + <5,-i(,) in I?'(M!^). 
Therefore, with a change of variable, we get that 

A^{Gx o L-i) = dLix) + Slo.-^.) in V'{R1), 

and then 

(Gx o - kn {\L{x) - -l^-" + |L o 'K-\x) - f -")) = in V'{R"l), 

Arguing as above, we get that Gx°L~^ = kn {\L{x) — + \Lo 'k~^{x) — 
and then 

G, = fc„(|--xp-" + |--7r-i(x)|2-") 
since L is an orthogonal transformation. This ends Step 2. 

Proposition 12 is a direct consequence of Steps 1 and 2. □ 
We now prove Proposition 9: 

Corollary 1. Let G be the Green's function for (11.3). Then there C,M > such 
that 

^^^^-M<G(x,y)<^-^ 

and 

|V,G(x,y)|<^-^ 

for all x,y G Q, x ^ y. 

Proof of the corollary: We claim that there exists m G K such that 

G(x, y) > -m for all x,y efl, x ^ y. (11.28) 

We argue by contradiction and we assume that there exists {xa)a, (ya)a G fi such 
that 

lim G{xoc,yoc) = -oo. (11.29) 

a— >+cx) 

Assume that limQ,_,.+oo \ya — Xa] = 0. We then define := \ya. — Xa\ and we apply 
Proposition 12: 

If limQ,_>_|_oo d.{xo^,dii) _ have that 

\ya - x„r-2G(xa,ya) = r^'C fx„, x„ + r„ ,^" = fc„ + o(l) 
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when a — )• +00. This contradicts (11.29). 

If d(xaid^ = 0(ra) when a — >■ +00, we get also a contradiction. 

This proves that linia^+oo \xa. — ya| 7^ 0. Therefore, with (11.4), we get that 
G(xq, j/ct) = 0(1) when a — >• +00: this contradicts (11.29). Therefore, there exists 
m such that (11.28) holds. 

We define M := m + 1. With (11.4), there exists also C > such that \G{x,y)\ < 
C\x — for all X ^ y. We claim that there exists c > such that 

G{x, y) + M>c\x- (11.30) 

for all X ^ y. Here again, we argue by contradiction and we assume that there 
exists {xa)a, {ya)a € such that 

lim |a;„-2/„r-2(G(x,,y„) + M) = 0. (11.31) 

a— >+oo 

Since G + M > 1, it follows from (11.31) that lim^-^+oo \xa — ya\ = 0. Therefore, 
as above, we get that the limit of the left-hand-side in (11.31) is positive: a contra- 
diction. This proves that (11.30) holds. In particular, this proves the first part of 
the corollary. 

Concerning the estimate of the gradient, we argue by contradiction and we use 
again Proposition 12. We just sketch the proof. Assume by contradiction that 
there exists {xa)a, {ya)a € ^ such that 

lim \ya-Xa\"'~^\VyG{xa,ya)\= +00. 

a—>+oo 

It follows from (11.10) that lim„^_|_oo \ya — Xa\ = 0. We set ■= \ya — Xa\- Assume 
that ra = o{d{xa,dfl)) when a — )• +00. It then follows from Proposition 12 that 

lim \ya- Xa\'"~'^\VyG{Xa,ya)\ = 

which contradicts the hypothesis. The proof goes the same way when d{xa , dQ) = 
0{ra) when a — )• -|-oo. This ends the proof of the gradient estimate. □ 

Appendix B: Projection of the test functions 

Proposition 13. Let (xa) be a sequence of points in and let {^a) he a sequence 
of positive real numbers such that fia ^ as a ^ +00 . We set 

Ua{x) = IJ.^ (^\X - Xaf + Hlj ' . 

There exists Va € C^(0) which satisfies 

AVo, = CnU^*-^ -Cn\n\-^ J^U^*-Ux in ^ 
dvVa =0 on dO, 



(11.32) 



such that the following asymptotics hold for any sequence of points {ya) in : 

(i) If Xa € d^l, then 

Va (ya) = (1 + 0{l))Ua {ya) + O (/Z^) . 

(ii) If d{xa,dfl) 7^ 0, then 

Ua iVa) = (1 + 0{l))Ua {ya) + O (/l^) . 
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(Hi) If d{xa,dn) but '^('^°'^^^) ^ _|_oo as a ^ +00, then 

Va iVa) = (1 + 0(1)) t/„ (?/„) + Ua {Va) + O (^Z^) 

where 

Uaix) ^ fla^ (^^ll + \x - Tr~^ {Xa)\'^^ 

with TT^ := ip OTT o (f^^ where ip is a chart at xq := lim„_>.+oo Xa as in Lemma 2. 
In addition, we have that 

Ua — Ua = o{Ua) + 0{^a^ ) in cttses (i) and (ii) 

) " +o{Ua) + 0{tx'^) in case (Hi). 

In any case, there exists C > such that 

^Ua <Va< CUa • (11.33) 

Proof of Proposition 13: Wc let Va e (7^(11) be as in (11.32). Indeed, 14 is defined 
up to the addition of a constant: therefore, Va wih be determined later on. Let 
{Vala € ^' Green's representation formula yields 



Va{ya) - ^« = G{ya,y) (c„[/f -1 - cn\n\-^ i7f 



dy 



for all a € N where G is the Green's function for (11.3) with vanishing average. 
With the explicit expression of Ua, we get that 

Va{ya)-Va=cn [ G{ya,y)U^a ~^ dy + 0{li^ ) (11.34) 

for all a e N. The estimate of Va{ya) goes through five steps. 

Step 13.1. We first assume that lima^+oc \ya ^ Xa\ ^ Q- It then follows from 
(11.34), the pointwise estimates (11.4) on the Green's function and the explicit 
expression of Ua that 



VaiVa) = Va + {G{ya,Xa) + o{l)) CnU^-Ux 



2*-l 

O 

G{ya,x)dx] / CnU^*~'^dx 
a J Jq 

when a — >■ +00. It then follows from this estimate that 

Va{ya) = Va + 0{n^) 

when a +00 and that there exists K > independent of {ya)a such that 

Va{ya)>V^-Kn^ 

for all a e N. 

Step 13.2. We claim that 

/n\BB (x )G{ya,y)U^*^^ dy 
lim lim ■^"\^H>^c(^.) » ^oif lijj^ \ya-Xa\=0. (11.35) 

R->-+ooa^+oo Ua(ya) a->-+cx> 
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We prove the claim. We let i?o > such that C Br^ {xa) for all a G N. It follows 
from the explicit expression of Ua and of (11.4) that 



n+2 

\2-n Ma 



/ G{y^,y)Ul*-Uy <C [ \y^-x\ 

(11.36) 

for all a G N. We define 

Dc, := |x e M"/ \x - yd > ^Vl^l + -^aPj for all a e N. 
We split the RHS of (11.36) in two terms. On the one hand, we have that 

n + 2 

/ ^dx 



dx 



< ^ ^[ ^dx 

2 JR"\Bb„. f2:„) ('/;2 _|_ l-T- _ -I.„,|2^ 2 



+ - ya\^)~ ■'R-\Bu,J^.) {^l + \x-Xc.\^y 

<CUM [ ^-^dx (11.37) 

JM"\Sfi(0) (1 + |x|2) 2 

for all a e N. On the other hand, as easily checked, there exists eo > such that 

X^Da ^ \X - Xaf + IJ.I > eo {\ya - Xa\'^ + nl) 

for all a e N. Consequently, we have that 



1 + 2 



IVc - x\'- ^-^ ^ dx 

D-^n{BR„{x^)\BR^^{x^)) (^2 _^|a;_a;^|2) 2 



n + 2 



\ya-x\'^ ""dy 



< CUM 2^i^"_ 12 = o{Ua{ya)) (11.38) 

\Xot ya\ 

if fjbci = o{\Xa — ya\) when a — > +00. In case \ya — Xa\ = 0{iia) when a +00, it 
is easily checked that for R large enough, (1 {BR^{xa) \ Biin^{xa)) = for all 
a G N. Therefore (11.38) always holds. 

Plugging (11.37) and (11.38) into (11.36) yields (11.35). This ends Step 13.2. 
It follows from (11.34) and (11.35) that 

Vcc{yoc) = V^ + Cnf Giya,y)U^*-Uy + {o{l) + eR)Ua{yc.) (11.39) 

if lima^+oo IVa — Xa\ =0 whcu a — )■ +00 where lim/j_>+oo = 0. 
Step 13.3. Assume that 

lim \ya — Xa\ = and lim d{xa,dQ) _ (11.40) 

a— >-+cio a— >-+(X) jUq; 
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We claim that 

V( \ ^ TT I / + if lima^+^d{xa,dn) ^0 

Va[ya) 1/a + I ^ o(l))(C/„(y„) + UM) if lim„^+^ = 

(11.41) 

when a — )• +oo. 

The proof of (11.41) goes through several steps. First note that due to (11.40), we 

have that O n Biif^^{xa) = Buf_i^{xa) for a e N large enough. Therefore, with a 
change of variable, (11.39) rewrites 

+Ua{ya) i (^a + IVa - Xa\'^) ~ G{ya, Xa + Mc<a;)c„[/o*"^ dx ] 

+ {oil) + eR)UM (11.42) 

for all >> 1 and a +oo. We distinguish two cases: 

Case 13.3.1: We assume that 

\ya — Xa\ = 0{iia) when a +oo. (11.43) 

Then we claim that (11.41) holds. We prove the claim. We define 6a '■= ^J-a^iya — 
Xa) for all a G N, and we let Ooo ■= lima^+oo da- Let iV' be a compact subset of 
\ {6*00}: it follows from Proposition 12 that 

^l•^-'^G{ya,Xa+ ^iax) = (fc„ + o(l))|a;-6i„|2-" 

when a — > +00 uniformly for all x £ K. Moreover, the LHS is uniformly bounded 
from above by the RHS on bounded domains of M" when a +00. It then follows 
from Lebesgue's theorem that (11.42) rewrites 



VM = Va+Ua{ya)l [ {l + \0ooff''knCnU^*-\x)\x-0^\''-^dx + o{l)+eR 

\Jbr{o) J 

= Vc:+Ua{ya)\Uo{eo,r' [ knAUo{x)\x - Oo^f-" dx + 0{1) + eR] 

V -'Bk(O) J 

= Va + UaiVa) {1 + o{l) + en) 

since A(fc„| • P~") = Sq in the distribution sense. Letting R — >• +00 and a — >■ +00 
yields 

Va{ya) = Va + Ua{ya){l + 0{l)) 

when a — >■ +00. As easily checked, this estimate yields (11.41) in Case 13.3.1. 
Case 13.3.2: We assume that 

\ya-Xa\ 

lim = +00. 

a-f+oo Ha 

We claim that (11.41) holds. We prove the claim. We define := \ya — Xa\ = o(l) 
when a — )• +00. Given x G Br{0), we define 

n-2 

Aa{x) := {ill + \ya - Xaf) ^ G{ya,Xa+ HaX) 

for all a e N. 
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Case 13.3.2.1: We assume in addition that 

d(xa,dS}) 
lim 

We claim that in this case, we have tliat 



+00. 



hm Aa{x) = kn 



(11.44) 



uniformly when a — >■ +oo. We prove the claim. Indeed, letting 9a ■= fa^(yc« — ^a) 
and using that G is symmetric, we have that 



A„(x) = (l+o(l))rr'G(a;„+r„ 



for all a € N uniformly for x in any fixed compact of M". Then (11.44) follows from 
Proposition 12. 

Case 13.3.2.2: We assume here that 

lim feiM=^>o. 

a— >-+oo Ta 

In this case, is well defined. We claim that in this case, we have that 

Ua{ya)\ 



Aa{x) = {K+o{l)) 1 + 



(11.45) 



uniformly for x in any fixed compact of M" when a +oo. We prove the claim. 

We denote (p a chart as in Lemma 2 and we define {xi^a,x'a) '■= ^~^{xa) and 
{yi,a,y'a) '■= 'P'^iVa) for a E N. Defining 



) + o(l) and F„ := ( ^ 

ft 



yi,a y'a - 



using Proposition 12 and the symmetry of G, we get that 
Aa{x) = {l + o{l))r2-^G{xa + ^^aX,ya) + o{^) 

= (1 + o(l))rr'G'(¥'((0, x'J + rM, ^((0, <) + r„F„)) + o(l) 
= fc„ - y„|^-" + \Ya- 7r-i(X„)|'-") + 0(1) 

'{yi,a,y'a) 7r-^(a;i 



1 



0(1) 



(11.46) 



since dipo is an orthogonal transformation, independently, using again that dipo is 
orthogonal, wc have that 



Ma + \ya - nJ-iXa)^' 



(1 + 0(1)) 



2-n 



when a +oo. Plugging this estimate into (11.46) yields (11.45). This proves the 
claim. 



Since 



/ CnUo*-'^ dx= [ AUo dx = - [ 

Jbr{0) Jbr(O) Jd 



Br{0) 



(n-2)a;„_iJ?" 
/asR(o) (1 + -K )"/ 
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for all i? > 0, it follows from (11.42), Cases 13.3.2.1 and 13.3.2.2 that 

V( \=V"-\-i + °i^))'^»{ya) ii ra = o{d{xa, on)) when a ^ +00 

VaKVa) ""-^X (i + o{l)){UM + UM) ifrf(a;„,aO) = 0(r„) whena^+oo 

These estimates and a careful evaluation of the quotient Ua{ya)~^Ua{ya) yields 
(11.41) in Case 13.3.2. This ends Case 13.3.2. 

Step 13.4. We assume that 

lim — Xa\ = and Xa € dQ. (11.47) 

We claim that 

VM = Vc:+UMil + oil)) (11.48) 
when a +oo. We choose a chart (p as in Lemma 2. In this case, (11.39) rewrites 



4(2/a) (^J^ 



+ Uoc{ya) I / C„(l + 0(l))ra dx 

'SR(o)nMni / 
+{oil) + eR)UM (11-49) 
for all >> 1 and a +oo, where 

Ta{x) := {nl + \ya - Xaf)"^ G{y^,ip{{0,x'J + ^io,x))U^*-\x). 
Here again, we have to distinguish two cases. 

Case 13.4.1: Assume that ya — = 0(Ma) when a +oo. We define 6a ■= 
IJ'a^iya — Xa) for all Q; € N. Usiug Proposition 12, we get as in Step 13.3.2.1 that 

for all X G BR{O)nWl\{0oo}, 

lim Mr'G(ya, ^mx'J + IJiaX)) = kn {\x - ^ool""" + \x - TT"! (^oo) l'"") 
a— >+oo 

and this convergence holds uniformly with respect to x. Plugging this limit into 
(11.49) yields 

Va{ya) = Va 

+[/„(?/„) ((l + l^ool')"^ / kn{\x-e^f-'' + \x-Tr-\9oo)\''-")AUo{x)dx 



+ (eK + o(l))[/a(ya) 



when a — > +00. With a change of variable and using that Uq is radially symmetrical, 
we get that 



/ kn {\x - ^oop-" + \x- 7r-^(^oo)|'"") A[/o(x) dx 



= [ kn\x-9oo\'^-''AUo{x)dx 

JBh(O) 



for all R > 0. The, arguing as in Step 13.3.2.2, we get that (11.48) holds in Case 
13.4.1. 
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Case 13.4.2: Assume that limct_).+oo A*a^ I y« — a;a| = +00. Using again Proposition 
12 and arguing as in Step 13.3.2.1, we get that (we omit the details) 

n-2 

lim (/ia + lya-XaP) ' G{ya , ip{{0 , x'J + ^iaX)) = 2kn 
a— >+oo 

uniformly for all x G i?ij(0). Plugging this limit into (11.49) yields 

K.(ya) = Va + Uc{ya)l f 2knAUo{x) dx + €r + o{l)] 

= \^ + Uc{ya)l knAUo{x)dx + eR + o{l)] 

when a +00. Wc then get that (11.48) holds in Case 13.4.2. 

Step 13.5. We are now in position to prove Proposition 13. We let > be as 
in Step 1 and we let Va be the unique solution to (11.32) such that 

:= (A' + l)Aif^ 

for all a e N. Clearly points (i), (ii) and (iii) of Proposition 13 hold. Moreover, we 
immediately get with the estimates above that limjj_>.+oo is a positive real 

number. This proves Proposition 13. □ 
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